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Abstrat
We take a worldsheet point of view on the relation between Ramond-Ramond harges,
invariants of boundary renormalization group ows and K-theory. In ompat super Wess-
Zumino-Witten models, we show how to assoiate invariants of the generalized Kondo
renormalization group ows to a given supersymmetri boundary state. The proedure
involved is reminisent of the way one an probe the Ramond-Ramond harge arried by
a D-brane in onformal eld theory, and the set of these invariants is isomorphi to the
twisted K-theory of the Lie group. We onstrut various supersymmetri boundary states,
and we ompute the harges of the orresponding D-branes, disproving two onjetures on
this subjet. We nd a omplete agreement between our algebrai harges and the geometry
of the D-branes.
∗
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1 Introdution
It has been known for a deade that Ramond-Ramond harges of D-branes, invariants of bound-
ary renormalization group ows and K-theory are intimately linked. The rst steady indiation
of the link between Ramond-Ramond harges [1℄ and K-theory ame from a detailed analysis
of the oupling of the gauge and salar elds supported on the D-brane worldvolume to the
Ramond-Ramond elds living in the bulk [2℄. Along separate line of development, it beame
lear that Sen's onjetures [3℄ implied that the set of D-brane ongurations modulo the ation
of the boundary renormalization group ows is given by an appropriate version of the K-theory
of the target spae [4, 5℄. (See [6, 7, 8℄ for a omplete overview of K-theory applied to strings.)
The boundary renormalization group ows are triggered by boundary perturbations of the
onformal eld theory desribing the open string modes living on the D-branes onsidered. They
generially map a D-brane onguration onto another (possibly empty) D-brane onguration
plus losed string radiation. As losed strings do not arry any harge with respet to the
Ramond-Ramond gauge elds, it is natural to expet that the Ramond-Ramond harges of
the two D-brane ongurations oinide. This property has been heked in [9℄ for the at
spae ase, in [10℄ for the ase of orbifolds of toroidal ompatiations, and in [11, 12℄ for
Kazama-Suzuki oset models. Ramond-Ramond harges therefore provide natural invariants of
the boundary renormalization group ows.
The aim of this paper is to onstrut invariants of generalized Kondo ows [13,14,15,16,17℄
in super Wess-Zumino-Witten (sWZW) models on a ompat simply onneted Lie group, using
a proedure that is formally a measurement of the Ramond-Ramond harge of the boundary
state by a Ramond-Ramond test state (see for instane [18℄, setion 8). We used formally
in the last sentene beause sWZW models do not ontain massless Ramond-Ramond gauge
elds, so the onept of Ramond-Ramond harge is ill-dened in this setting. The harges
onstruted in this paper are well-dened as invariants of the boundary renormalization group
ows, however.
WZW models are onformally invariant sigma models with a Lie group G as target spae.
When G is ompat, the orresponding onformal eld theory is rational and an be solved
exatly. The set of brane ongurations modulo boundary renormalization group ows is on-
jetured to be isomorphi to the twisted K-theory of the Lie group G, where the twist is provided
by the lass of the NS-NS 3-form H (this lass is determined by the level k of the WZW model).
The twisted K-theory for G ompat, simple and simply onneted has been omputed in [19℄,
and is given by the diret produt of 2r−1 opies of Z/MZ :
KH(G) = (Z/MZ)
(2r−1) , (1.1)
where r is the rank of the group G and M is an integer depending G and on the level k. (The
expliit expression for M is not very enlightening and an be found in [19℄.) One remarkable
feature of these K-groups is that they have torsion (they are diret produts of nite yli
groups), so that the orresponding D-brane harge is onserved only modulo the integer M .
In partiular, a stak of M idential D-branes an deay into losed string radiation. The fat
that WZW models are well-known CFTs, that their target spaes admit a non-trivial (and non-
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torsion) H eld and that their K-theory groups are yli makes them interesting examples on
whih one an test the K-theory onjeture.
Comparison between the Kondo ow ation on WZW D-brane and the K-theory of the
underlying Lie groups have been performed in several papers [20, 21, 22, 23, 24℄. The general
idea underlying these tests of the K-theory onjeture is the following. One assoiates to the
known D-branes a Z/MZ valued harge, and onsider the onstraints imposed by the maximally
symmetri Kondo boundary ows on these harges. These onstraints an be solved, and impose
that the value of M oinides with the result of the K-theory omputation. Given an arbitrary
D-brane, one an generate by Kondo ows other D-branes in the same Z/MZ fator, and the
universality [25, 26℄ of the Kondo renormalization group ows explains why the integer M is
the same in eah fator of (1.1). However, it is impossible to test the number of Z/MZ fators
in (1.1) with these tehniques. It is also impossible to know whether two boundary states arry
the same type of harge (ie. lie in the same Z/MZ fator) if they are not linked by a boundary
renormalization group ow of the Kondo type. For instane, in the two papers [27, 28℄, the
authors laim to display boundary states arrying harges from eah of the fators of (1.1), but
no steady argument supports these onjetures. We will see that atually both of them prove
wrong.
This situation makes it desirable to have a well-dened presription to assign to a given
boundary state an element of the K-theory group (1.1). In this paper, we will desribe a
proedure that allows to assoiate to a worldsheet supersymmetri boundary state of the super
Wess-Zumino-Witten model a quantity invariant under the generalized Kondo renormalization
group ows. We will hek that these invariants form a group isomorphi to the twisted K-theory
of the Lie group G.
The paper is organized as follows. In the next setion we review the lassiation of at
spae type IIB D-branes by K-theory, and show how this K-theory harge an be probed by
omputing a oupling of the boundary state with a Ramond-Ramond test state. We then review
briey and roughly our onstrution. We also summarize the main results about the Kondo ow
invariants that we will build. In setion 3, we review the super Wess-Zumino-Witten model,
as well as the relation between quantum Wilson operators and the Kondo ows in the bosoni
WZW model.
In setion 4, we onstrut a large lass of worldsheet supersymmetri boundary states for the
sWZW model, using well-known onstrutions available for the bosoni WZW model. In setion
5, we show how Wilson operators an be used to desribe the supersymmetri Kondo ows of the
sWZW model. In setion 6, we ompute the ohomology of the worldsheet superharge, whih
determines the spae of Ramond-Ramond test states. We also ompute the ation of Wilson
operators on these test states. Setion 7 is devoted to the onstrution of the harges. At the
end of this setion we ompute in full generality the harges of the simplest boundary states
onstruted in setion 4 (namely the maximally symmetri, oset and twisted boundary states).
Several spei examples of more elaborate boundary states in SU(4) are treated in setion 8, as
an illustration of our formalism. In setion 9, we use the so-alled Kostant onjeture to onnet
our proedure with the familiar piture of the lassiation of brane harges by homology. We
hek that in the examples onsidered in setion 8, the harges that we found oinide with the
geometri intuition. We end with some onluding remarks in setion 10.
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2 An overview
The aim of this setion is to onvey a general feeling of the ideas that will be relevant to the
understanding of the onstrution elaborated in the setions 6 and 7.
2.1 The at spae ase
First, it is instrutive to have a look at the at spae ase. A more detailed aount of the
K-theory lassiation of D-branes in at spae an be found in [6℄.
So let us onsider type IIB string theory on R
10
, and reall that the type IIB D-branes are
loated along even dimensional hyperplanes (in spaetime). Aording to [4℄, any D-brane in
this bakground an be onstruted from a tahyon eld onguration on a stak of an equal
number (say n) of D9 and anti-D9 branes. This stak arries a Chan-Patton bundle with
struture group U(n)×U(n), and the tahyon eld T is a omplex Lorentz salar transforming
in the bifundamental representation of U(n) × U(n). (It is the eld orresponding to open
strings strethed between a brane and an anti-brane.) In this way, a Dp-brane supported on a
p +1-dimensional hyperplane of R10 is identied with a solitoni onguration of T vanishing
on this hyperplane, and onstant in the diretions parallel to it. Suh a tahyon prole an be
built out of the Atiyah-Bott-Shapiro onstrution [29℄, and these tahyoni ongurations are
lassied by the K-theory with ompat support in the diretions normal to the Dp-brane [6℄.
After ompatiation of R
9−p
by the addition of its sphere at innity, ompatly supported
K-theory is isomorphi to the relative K-theory K(B9−p, S8−p) = Z (p odd), where Bm and
Sm denote the m-dimensional ball and sphere. This K-theory lassies the harges of all of the
brane ongurations whih are trivial along a presribed p +1-dimensional hyperplane (in the
sense that any two setions of suh ongurations orthogonal to the hyperplane are homotopi).
We onsider here only branes belonging to this family.
Aording to the philosophy exposed in [30℄, any objet that an be onstruted from target
spae onepts should have a ounterpart on the worldsheet, in the onformal eld theory
formalism. So let us see what is the analogue of the K-group K(B9−p, S8−p) = Z from the CFT
point of view. Closed type IIB string theory in R
10
is desribed by the onformal eld theory
(CFT) onsisting of ten free bosons and fermions tensored with a ghost CFT, and subjet to the
appropriate GSO projetion. In the Ramond-Ramond setor, zero modes ψµ0 of the holomorphi
and antiholomorphi fermions form two antiommuting opies of the Cliord algebra Cl(R9+1).
They satisfy :
{ψµ0 , ψν0} = ηµν , {ψ¯µ0 , ψ¯ν0} = ηµν , {ψµ0 , ψ¯ν0} = 0 ,
where ηµν is the standard Minkowski metri. The GSO projetion keeps only operators formed
by an even number of fermioni zero modes. The massless Ramond-Ramond setor of this
theory (at zero momentum) is given by the even part of a (Z/2Z graded) tensor produt of
two Cliord modules. The following representation of this vetor spae is useful. Pik an
orthonormal basis {eµ} suh that the rst p + 1 vetors are tangent to the worldvolume of
p + 1 dimensional hyperplane onsidered above, dene ψµ± =
1√
2
(ψµ0 ± iψ¯µ0 ), and let |1〉 be the
state of unit norm suh that ψµ+|1〉 = 0 for all µ. Then the massless Ramond-Ramond setor is
generated by the states :
|eµ1 ∧ ... ∧ eµp+1〉 := ψµ1− ... ψµp+1− |1〉
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with odd p. We will all these states test states, for the following reason. Up to a normalization
fator, the omponent on the Ramond-Ramond ground states of the D-branes in our family is
given (in the light one gauge) by |e2∧ ...∧ep+1〉+ |ep+2∧ ...∧e9〉. The Ramond-Ramond harge
of a given D-brane an be probed by omputing the overlap 〈e2∧ ...∧ ep+1|Dp〉 (see for instane
setion 8 of [18℄ for more details). Now it is well-known that boundary states form a lattie
(ie. one an stak only an integer number of D-branes), so the overlap with the test states
are quantized for all of the boundary states. After a suitable normalization, the linear form
〈e2 ∧ ... ∧ ep+1| an be seen as a map from the set of boundary states into K(B9−p, S8−p) = Z,
whih assigns to eah D-brane its K-theory harge. [9℄ provided good indiations that these
overlaps between boundary states and test states are invariant under renormalization group
ows. Indeed, the D9 and anti-D9 onguration with a non-trivial tahyon eld onguration
seems to arry a Ramond-Ramond harge idential to the harge of the equivalent Dp-brane.
Therefore on the worldsheet, the map assoiating to a D-brane its K-theory harge is realized by
taking the overlap of the orresponding boundary state with a test state in the Ramond-Ramond
vauum. Note that the study of the oupling of D-branes to test states is ompletely equivalent
to the study of their intersetion form, and yields their harges more straightforwardly.
We will only aim at probing the Ramond-Ramond harges of worldsheet supersymmetri
boundary states, that is, boundary states |B〉 satisfying D−|B〉 = 0. D− is a worldsheet
superharge, and we dene D+ = (D−)†. In non-trivial onformal eld theories, some of
the harges obtained by taking the salar produt of supersymmetri boundary state with
Ramond-Ramond test states may be linearly dependent. Indeed, any test state |RR〉 of the
form |RR〉 = D+|RR′〉 has vanishing salar produt with |B〉. There may also exist massless
Ramond-Ramond states whih are not supersymmetri. We will ignore suh states and restrit
ourselves to test states |RR〉 whih lie in the kernel of the adjoint of the worldsheet superharge :
D+|RR〉 = 0. Therefore the set of Ramond-Ramond test states we propose to onsider is
provided by a basis of representatives of the ohomology of the superharge D+ on the set of
massless Ramond-Ramond states. Note that ohomology appears here exatly for the same
reason as in the BRST formalism : we are restriting ourselves to states lying in the kernel of a
nilpotent operator. In the at spae ase, D+ vanishes on the set of Ramond-Ramond ground
states, whih therefore oinides with the ohomology. However the worldsheet superharge of
the super Wess-Zumino-Witten model does have a non-trivial ohomology, and it is neessary
to take this fat into aount to obtain agreement with the predition of K-theory on the harge
group.
2.2 Summary of the onstrution
When trying to apply the test-state proedure reviewed above to the super Wess-Zumino-
Witten model, one faes at least three major diulties :
• The physial state spae of super WZW models does not ontain any massless Ramond-
Ramond state [31℄. This shows that the very onept of Ramond-Ramond harge is
ill-dened, as there are no massless Ramond-Ramond gauge elds in the target spae
theory. (It is the reason why one should think of the harges to be found below only as
invariants of the boundary renormalization group ow.)
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• When one tries to use the (massive) Ramond-Ramond ground states to probe D-branes,
the harge obtained is not quantized, and moreover it is modied by the ation of the
Kondo ows [32℄.
• Finally, to math the K-theory predition (1.1), the harge must be identied modulo
M . It is unlear how one ould possibly get a periodially identied harge from a salar
produt between the boundary state and a test state.
There is however a way of solving these three problems all at one : we have to look for truly
massless Ramond-Ramond test states outside the physial state spae of the super WZW model.
Let us explain this idea. Reall that the state spae of the super Wess-Zumino-Witten model
on a simply onneted Lie group in the Ramond-Ramond setor is a diret sum of irreduible
modules of the form :
Vλ = H
g
λ ⊗ H¯gλ∗ ⊗ FR ⊗ FR ,
where Hgλ and H¯
g
λ∗ are integrable modules for a Ka-Moody algebra gˆk assoiated to the group
G, and FR are Fok modules for d = dimG free fermions in the Ramond setor. The ondition
that the Ramond-Ramond ground states be massless reads (see setion 6.2) :
(λ, λ+ 2ρ) +
h∨d
12
= 0 ,
where h∨ is the dual Coxeter number of G and ρ its Weyl vetor (half the sum of the positive
roots). As any integrable module for gˆk satises (λ, ρ) ≥ 0, the physial setor of the sWZW
model does not ontain any massless Ramond-Ramond state. However, the ansatz λ = −ρ
satises the equation and is the unique solution (by Freudenthal-de Vries strange formula).
While the non-integrable module V−ρ does not appear in the physial state spae of the theory,
it does arry a representation of the spetrum generating algebra of the sWZW model, so one
an in partiular study the ohomology of the superharge. It turns out that this ohomology
has dimension 2r, where r is the rank of G, and is supported on a highest grade subspae of V−ρ,
for some appropriate grading. This spae will be our spae of Ramond-Ramond test states.
To pursue the proedure skethed above in the ase of at spae, one would like to measure
the harge of a given boundary state by taking its salar produt with a given Ramond-Ramond
test state. This is not readily possible beause the boundary state does not have any omponent
along V−ρ. One should therefore omplete the boundary state in the virtual setor V−ρ. This
ompletion an be performed in a onsistent way as follows. Reall that boundary states are
linear ombinations of Ishibashi states, whih are themselves a set of linearly independent
solutions to the gluing onditions imposed on the boundary state. These gluing onditions
speify how the bulk elds of the theory are reeted at the boundary, and they an also
be solved in V−ρ1. While there may be several linearly independent solutions to the gluing
onditions in V−ρ, only one of them intersets the representatives of the ohomology, and does so
along a one-dimensional subspae, so the gluing onditions selet an element of the ohomology
up to normalization.
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To be preise, we will have to solve them in a bundle whih bers are omposed of highest weight modules
V−ρ with twisted ation of the hiral algebra of the model. This is neessary to preserve the global G × G
symmetries of the model, see setion 6.3.
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The latter an be xed by onsidering the ation of Wilson operators [17℄. Roughly speaking,
Wilson operators enode the reetion oeients of the boundary state (the prefators of the
Ishibashi states). But they are also normal-ordered series in the Ka-Moody urrent, whih
have a well-dened ation on any highest weight module. This important property an be used
to perform an appropriate ontinuation of the omponents of the boundary states from their
value in the physial state spae to V−ρ.
The harge of a boundary state are then measured by taking the salar produt of a repre-
sentative of the ohomology with the ompleted boundary state.
We will show that :
• The resulting harges are quantized (that is, integer up to normalization). (Setion 7.4)
• The ation of Wilson operators naturally imposes that these harges are periodi, with
the right periodiity M , so they an atually be taken to lie in Z/MZ. (Setion 7.4)
• Whenever a generalized Kondo ow sends a brane onguration onto another one, the
harges of the two ongurations are equal. These harges are therefore the invariants we
are looking for. (Setion 7.5)
• Half of the linearly independent test states annot ouple to any boundary state, so
the number of independent harges is 2r−1. This yields a harge group of the form :
(Z/MZ)(2
r−1)
, whih oinides with the twisted K-theory group (1.1) of G. (Setion 9)
• There is a distinguished basis of the representative of the ohomology of the superharge
that an be naturally identied with the generators of the homology of the Lie group.
This provides the link between our algebrai piture of the harges and the more familiar
geometri piture, in term of homology lasses. We will hek in several examples that
the algebrai harge oinides with the geometri one. (Setion 9)
We will now make these statements preise.
3 Basi notions
3.1 The super Wess-Zumino-Witten model
We start by reviewing the super Wess-Zumino-Witten (sWZW) model [33, 34, 35, 36, 37, 31℄.
The hiral algebra
We desribe here the hiral algebra of the sWZWmodel. To simplify the notations in this paper,
we will not distinguish typographially the various innite dimensional Lie algebras from their
respetive vertex algebras.
Let G be a ompat, simple and simply onneted Lie group of dimension d. Let g = Lie(G)
be its Lie algebra, and gˆk˜ the orresponding Ka-Moody algebra at level k˜ = k + h
∨
, k > 0,
where h∨ is the dual Coxeter number of g. Let us hoose an orthonormal basis {ea}da=1 of g
with respet to the Killing form, let {Ja(z)} be the omponents of the Ka-Moody urrent on
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this basis, and {Jan} (n ∈ Z) their Laurent modes. All the sums on the Lie algebra indies
a, b, c, ... will be impliit.
Let fˆ be the Lie superalgebra generated by d free fermions {ψa(z)} with antiperiodi (Neveu-
Shwarz) or periodi (Ramond) boundary onditions, and ψar their Laurent modes. Here r ∈
Z + 12 in the Neveu-Shwarz setor, and r ∈ Z in the Ramond setor. We will adopt this
onvention throughout the rest of this paper. We will sometimes see the d free fermions {ψa}
as a single g-valued fermioni eld ψ. The hiral algebra cˆ of the level k˜ super Wess-Zumino-
Witten (sWZW) model is given by the semidiret produt cˆ = gˆk˜⋉ fˆ, where the ation of gˆk˜ on fˆ
is given by (3.1) below. Expliitly, the generators satisfy the following ommutation relations :
[Jan , J
b
m] = fabcJ
c
m+n + k˜nδabδn+m,0 , {ψar , ψbs} = δabδr+s,0 ,
[Jan , ψ
b
r] = fabcψ
c
n+r , (3.1)
where fabc are the struture onstants of g.
Subalgebras
The hiral algebra cˆ dened above ontains several important subalgebras (in the sense of vertex
algebras).
First, fˆ ontains a subalgebra isomorphi to gˆh∨ , the Ka-Moody algebra based on g at level
h∨. The generators for this subalgebra are :
(Jψ)
a
n = −
1
2
fabc
∑
r
ψbrψ
c
n−r . (3.2)
One an then dene the bosoni urrent J :
J = J − Jψ . (3.3)
It generates a Ka-Moody subalgebra gˆk of cˆ whih has the ruial property of ommuting with
fˆ :
[Jan, ψ
b
r] = 0 .
This shows that cˆ is in fat isomorphi to gˆk ⊕ fˆ.
cˆ also ontains a opy of the N = 1 superonformal algebra, with generators given by :
Ln =
1
2k˜
∑
m
: JamJ
a
n−m : +
1
2
∑
r
r : ψan−rψ
a
r :
(
+
d
16
δn,0
)
, (3.4)
Gr =− 1√
k˜
(∑
m
J
a
mψ
a
r−m −
1
6
fabc
∑
s,t
ψasψ
b
tψ
c
r−s−t
)
, (3.5)
where the indies r, s and t are summed over Z or Z + 12 in the Ramond and Neveu-Shwarz
setor, and m and n are always summed over Z. The term between parenthesis in the denition
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of L0 is present only in the Ramond setor. They satisfy :
[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m)δm+n,0 ,
{Gr, Gs} = 2Lr+s + c
12
(4r2 − 1)δr+s,0 ,
[Lm, Gr] =
m− 2r
2
Gm+r ,
(3.6)
where c = 3k+h
∨
2(k+h∨)d is the entral harge. Their ation on the generators of cˆ is given by :
[Lm, J
a
n ] = −nJam+n , [Lm, ψan] = −
2n+m
2
ψam+n ,
[Gm, J
a
n ] =
√
k˜nψam+n , {Gm, ψan} = −
1√
k˜
Jam+n .
Finally, we note that the bosoni part of fˆ is isomorphi to the Ka-Moody algebra sˆo(d)1
at level one, with generators :
J iso(z) =
1
2
tiabψ
a(z)ψb(z) , i = 1, ...,
1
2
(d2 − d) , (3.7)
where tiab are the matrix elements of the generators {ti} of so(d) in the dening representation.
The bosoni part of the hiral algebra is therefore given by gˆk ⊕ sˆo(d)1.
The full spetrum generating algebra is the diret sum cˆ ⊕ cˆ of a holomorphi and anti-
holomorphi opy of cˆ. Here we understand the diret sum in a Z/2Z-graded sense, so that
holomorphi and antiholomorphi elements having both odd fermion number antiommute. The
elds in the holomorphi setor will be denoted as above, and the ones in the antiholomorphi
setor will arry a bar (J¯ , ψ¯, ...).
The state spae
We start by desribing highest weight modules for gˆk and fˆ.
The highest weight modules for gˆk that will be relevant to the onstrution of the state
spae of the sWZW model are the integrable modules. They are indexed by the (nite) set of
integrable dominant weights at level k, P+k ⊂ h∗ where h is the Cartan subalgebra of g. Given
an integrable weight λ ∈ P+k , we will denote the orresponding integrable highest weight module
by Hgλ, with a supersript indiating the orresponding Ka-Moody algebra in the situations
when an ambiguity might our. Integrable highest weight modules arry a hermitian invariant
bilinear form. The elements of the ompat form of the Ka-Moody algebra are anti-self-
adjoint with respet to this form, and the adjoints of the Ka-Moody generators are given by
(Jan)
† = −Ja−n.
There are only two irreduible highest weight modules for fˆ, one in the Neveu-Shwarz
setor, and one in the Ramond setor, and we denotes them respetively by FNS and FR.
All of these modules inherit a grading grL0 from the adjoint ation of L0 and their om-
ponents with negative grade are trivial. Note that the grade zero subspae (FNS)0 of FNS is
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one dimensional, whereas (FR)0 is an irreduible Cliord module for the d-dimensional Cliord
algebra Cl(d) generated by the zero modes ψ0 of the fermions in the Ramond setor.
We want now to onstrut the state spae of the sWZW model. This state spae an be xed
by the requirement that the torus partition funtion be modular invariant when the mapping
lass group SL(2,Z) of the torus ats. This modular invariane ondition fores us to impose
a GSO projetion that breaks the spetrum generating algebra cˆ⊕ cˆ to its bosoni part.
We are working with a ompat simple Lie group of arbitrary dimension, so generially
only the type 0 GSO projetion is available. The type 0 GSO projetor is given by PGSO =
1
2(1 + (−1)(F+F¯)), where F and F¯ denote the fermion numbers in the holomorphi and anti-
holomorphi setors, ie. the Z/2Z gradings oming from the superalgebra strutures of the left
and right fator of cˆ⊕ cˆ. The operators of total grade zero are the only ones whih survive the
projetion, so the remaining hiral algebra is given by gˆk ⊕ sˆo(d)1 ⊕ gˆk ⊕ sˆo(d)1. Note that the
superonformal generators G and G¯ are projeted out.
It turns out that the problem of onstruting a partition funtion for PGSO(cˆ ⊕ cˆ) whih
has the required modular invariane properties boils down to onstruting a modular invariant
partition funtion for the bosoni WZW model based on the hiral algebra gˆk ⊕ sˆo(d)1. We
will onstrut these partition funtions, and then omment on why the underlying module is a
module for PGSO(cˆ⊕ cˆ).
The state spae of the gˆk ⊕ sˆo(d)1 WZW model fatorizes into gˆk-modules and sˆo(d)1-
modules
2
:
H = Hg⊗HXso , (3.8)
where X = 0A, 0B or 0 indexes dierent possible hoies, see below. We will hoose the harge
onjugation modular invariant for the gˆk theory :
Hg =
⊕
λ∈P+
k
Hλ ⊗Hλ∗ ,
where λ∗ is the weight onjugate to λ. In the k → ∞ limit, the WZW model with harge
onjugation modular invariant desribes a string evolving in the simply onneted Lie group G
onstruted from g. The extension of our results to models with dierent modular invariants
may be non trivial.
sˆo(d)1 has four integrable representations when d is even, namely the ones orresponding to
the trivial (t), the dening (or fundamental) (f ), and the two spinorial (s and s′) representations
of so(d). For odd d the trivial and dening representations are still present, but there is a single
spinorial representation, that we denote by s. In even d, so(d) admits an outer automorphism,
so we an onstrut a modular partition funtion using either this outer automorphism or the
trivial one. The two modular invariants obtained orrespond respetively the type 0A and
0B GSO projetions of string theories. In odd dimension, there is a unique type 0 modular
invariant. The state spae for the sˆo(d)1 part therefore reads :
H0so = (Ht ⊗Ht)⊕ (Hf ⊗Hf )⊕ (Hs ⊗Hs) , d odd,
H0Aso = (Ht ⊗Ht)⊕ (Hf ⊗Hf )⊕ (Hs′ ⊗Hs)⊕ (Hs ⊗Hs′) , d even,
H0Bso = (Ht ⊗Ht)⊕ (Hf ⊗Hf )⊕ (Hs ⊗Hs)⊕ (Hs′ ⊗Hs′) , d even.
(3.9)
2
This is not neessarily the ase for non simply onneted groups, see [38, 39℄.
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By standard CFT arguments (for instane [40℄, hapter 17), the state spaes Hg, H0so, H0Aso ,
H0Bso all yield modular invariant partitions funtions. Therefore H as dened in (3.8) yields a
modular invariant partition funtion in eah ase.
To see that these state spaes are really modules for our spetrum generating algebra
PGSO(cˆ⊕ cˆ), note how the highest weight modules for fˆ deompose into sˆo(d)1 modules :
FNS → Hsot ⊕Hsof ,
FR → Hsos ⊕Hsos′ (d even), FR → Hsos (d odd).
In the deomposition of FNS , H
so
t appears at grade zero, while H
so
f appears at grade
1
2 . The
two spinorial sˆo(d)1-modules are already present at grade zero in the deomposition of FR in
even dimension. One way of heking these relations is to ompute the dimensions of the grade
0 and
1
2 subspaes of the relevant modules, and then reall that any produt of an even number
of fermioni generators an be expressed in term of the urrents of sˆo(d)1. Under the operator-
state mapping of the vertex algebra fˆ, Hsot orresponds to operators with even fermion number,
while Hsof orresponds to operators with odd fermion number. For even d, one has the same
piture in the Ramond setor, where the two sˆo(d)1 spinorial modules orrespond to even and
odd fermion number operators (whih is whih depends on how we hoose the grading on the
grade zero subspae). For odd d, however, FR does not arry any Z/2Z grading. We have the
same piture in the antiholomorphi setor.
Now by the remark above and (3.9), we see that the postulated state spaes (3.8) are modules
for PGSO(cˆ ⊕ cˆ). Operators with F = F¯ = 0 preserve the sˆo(d)1 modules, while those with
F = F¯ = 1 permute the summands in (3.9).
Supersymmetri states
It will be ruial for us to have a notion of supersymmetri state. The problem is that the
superonformal generators G and G¯ dened in (3.5) do not at on the state spae of the sWZW
model. They have odd fermion number and are projeted out by the GSO projetion.
However, we will be able to dene supersymmetri states if we onstrut a Z/2Z-graded
module H′ for cˆ⊕ cˆ suh that the state spae of the sWZW model oinides with the even part
of H′ : H = (H′)0. Denote by iH this embedding. Then the supersymmetry generators map
(H′)0 to (H′)1, and we an dene a state |X〉 ∈ H to be supersymmetri if :
(Gr − iǫG¯−r)iH(|X〉) = 0 in H′.
ǫ = ±1 depends on the superharge hosen to be preserved.
The module H′ is straightforward to onstrut when d is even. One an take in this ase :
H′ = Hg⊗ (FNS ⊗ FNS ⊕ FR ⊗ FR) , (3.10)
where it is understood that in the fermioni modules of the form F ⊗F , the holomorphi modes
ψan at on the rst fator through the ation of fˆ, and the anti-holomorphi modes ats on the
rst fator by (−1)F and on the seond through the usual ation of fˆ. The non-trivial ation
of the anti-holomorphi modes on the rst fator is neessary to make them antiommute with
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the holomorphi modes, rather than ommute. Depending on the hoie of Z/2Z-grading on
the two opies of FR we get an extension of the state spae of the 0A or 0B sWZW model.
H′ is less easy to onstrut when d is odd. By what was said above, we see readily that
a onstrution analogous to the one in the even ase is impossible, as FR does not admit any
Z/2Z-grading in the odd ase. However, as long as we do not impose the reality ondition
z∗ = z¯ on the worldsheet oordinates, the holomorphi and antiholomorphi modes of the
fermions form a Lie algebra isomorphi to the Lie algebra of the modes of 2d hiral fermions. A
Ramond module F 2dR for 2d hiral fermions admits a Z/2Z-grading, namely the fermion number.
Therefore, the following is a module for cˆ⊕ cˆ :
H′ = Hg⊗ (FNS ⊗ FNS ⊕ F 2dR ) .
The ation of cˆ⊕ cˆ does not split into a holomorphi and antiholomorphi module in the Ramond
setor, as was the ase in the even d ase. But after the GSO projetion, the even part of F 2dR
beomes a spinorial module H2ds for sˆo(2d)1, whih is isomorphi to Hs⊗Hs as a sˆo(d)1⊕ sˆo(d)1-
module (as an be seen by a omputation of the dimensions of the grade zero subspaes, for
instane). So the holomorphi/antiholomorphi splitting is reovered after the GSO projetion.
Atually, the same onstrution an be applied in the even ase, and is equivalent to the
one we used beause for d even, F 2dR ≃ FR ⊗ FR as fˆ⊕ fˆ-modules.
We have now a well-dened notion of a supersymmetri state in H. In the remaining of this
paper, we will omit to write expliitly the map iH to avoid luttering the notation too muh.
But it should be understood eah time an odd operator ats on a state of H.
We now desribe a useful parametrization of the grade zero subspae of H′ generated by the
zero modes of the holomorphi and antiholomorphi fermions in the Ramond-Ramond setor.
These zero modes satisfy the following relations :
{ψa0 , ψb0} = δab , {ψ¯a0 , ψ¯b0} = δab , {ψa0 , ψ¯b0} = 0 .
From the disussion above, they generate a Cliord module F 2d0 for the Cliord algebra Cl(2d)
in dimension 2d. We an make the following hange of basis :
ψa0+ =
1√
2
(ψa0 + iψ¯
a
0) , ψ
a
0− =
1√
2
(ψa0 − iψ¯a0) . (3.11)
The new generators satisfy :
{ψa0+, ψb0+} = 0 , {ψa0+, ψb0−} = δab , {ψa0−, ψb0−} = 0 .
Dening |1〉 to be the state with unit norm suh that ψa0+|1〉 = 0 for all a = 1, ..., d, the Cliord
module F 2d0 is freely generated from |1〉 by the set {ψa0−}. We an therefore parametrize the
vetors in F 2d0 by elements of the exterior algebra
∧
g :
ea1 ∧ ... ∧ eap 7→ |ea1 ∧ ... ∧ eap〉 := ψa10−...ψap0−|1〉 , (3.12)
where we denoted the produt in the exterior algebra by ∧.
Finally, let us note that, by denition, the state |ea1∧...∧eap〉 satises the following relations :
(ψa0 + iǫψ¯
a
0 )|ea1 ∧ ... ∧ eap〉 = 0 , (3.13)
with ǫ = −1 si a ∈ {a1, ..., ap} and ǫ = 1 else.
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3.2 Wilson loops and Kondo renormalization group ows
We dene here the Kondo perturbation in the bosoni ase and reall how the xed points of the
indued boundary renormalization group ow an be identied by mean of quantized Wilson
operators.
The Kondo perturbation
Consider a purely bosoni WZW model with holomorphi urrent J ∈ gˆk, dened on a surfae
(possibly with boundaries) Σ, with an embedded time-like yle C. Let A : g → Cn a n-
dimensional representation of g, and Aa = A(ea). Let us tensor the state spae Hg of the WZW
model with C
n
. One an perturb the WZW ation with the following term, ating on Hg⊗Cn :
∆S = l
∫
C
dσJa(σ)Aa , (3.14)
where l is a oupling, and σ a parametrization of C. One an see this perturbation as a point-
like harged defet with worldline C and spin A, whih interats minimally with the urrent
J .
From the string theory point of view, the Kondo perturbation has a dierent interpretation.
Consider an open string ylinder amplitude between two D-branes. We have Σ = S1 × [0, 1],
with worldsheet time running along S1. Let us hoose C = S1 × {0}, so that the perturbation
is supported on one of the boundaries of the ylinder. Hg⊗ Cn an now be interpreted as the
state spae for open strings strethed between a stak of n idential D-branes at S1×{0} and a
given D-brane at S1 ×{1}. This perturbation amounts to turning on a onstant eld A on the
stak of D-branes [14℄. For generi l, this perturbation breaks the superonformal symmetry of
the model, and one an study the boundary renormalization group ow that it triggers. The
IR xed point of this ow is desribed by the Aek-Ludwig presription [13℄, and is again a
WZW model, with a new boundary ondition on the boundary initially perturbed. When the
perturbed stak of D-brane is omposed of n maximally symmetri branes of label λ ∈ P+k , the
nal D-brane onguration is given by a set of N νλµ maximally symmetri branes of label ν,
where µ is the highest weight of the g-representation A and N νλµ are the fusion oeients of
gˆk. A rigorous justiation of the Aek-Ludwig priniple an be found in [17℄, setion 5.
It is however instrutive to look at Kondo perturbations from the worldsheet dual theory.
Quantum Wilson loops
By open-losed string duality, one an onsider the same setting, but now with worldsheet
time running along the non-periodi diretion of the ylinder. This amplitude has now the
interpretation of a losed string exhange between the branes sitting at eah end of the ylinder.
The yle C is spaelike, and the perturbation an be seen as a defet supported on C.
Classially, this defet is a Wilson loop having the following expression :
w(µ, l) = TrCnP exp
(
il
∫
C
dσja(σ)Aa
)
, (3.15)
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where P denotes the path-ordered exponential, µ is the highest weight of the representation A
of g on Cn and ja(σ) are the omponents of the lassial urrent j. These lassial observables
are topologial : they depend only on the homotopy lass of C. When l = 1k , w(µ, l) even
preserves the full symmetry of the WZW model. Indeed, it has vanishing Poisson braket with
the lassial urrent j.
To understand the Kondo perturbation from the losed string point of view, one needs a
quantized version of the lassial Wilson loop. This quantization was performed in [17℄ in the
ase l = 1k . The quantized Wilson loop Wµ orresponding to the lassial Wilson loop w(µ,
1
k )
is a normal-ordered series in the quantum Ka-Moody urrent J . The speial symmetries of
w(µ, 1k ) are preserved by this quantization proedure, whih means that Wµ ommutes with
every element of gˆk. Hene it ats by salar multipliation on any irreduible gˆk-module. The
power of the quantization proedure of [17℄ is that the spetrum of Wµ is obtained expliitly.
Let η be any weight at level k > −h∨, and Mη is the Verma module of highest weight η. Then :
Wµ = χµ
(
− 2πi
k + h∨
(η + ρ)
)
1 on Mη , (3.16)
where χµ is the g-harater of the representation with highest weight µ. On the integrable
highest weight module Hλ and for integrable µ, the eigenvalue an be written as :
Wµ =
Sµλ
S0λ
1 on Hλ ,
where Sµλ is the modular S-matrix of gˆk. However, the fat that the ation ofWµ is well-dened
on any highest weight module at level k will be ruial to our argument.
We have now a well-dened expression for the quantized Wilson operator at the speial
oupling value l = 1k . This value orresponds to the (lassial) IR xed point of the renormal-
ization group ow equation starting from the UV xed point l = 0. Moreover, as Wµ ommutes
with gˆk, it also ommutes with the assoiated Virasoro algebra. Therefore the theory dened
on the ylinder in whih Wµ is inserted in all the amplitudes is still a onformal eld theory,
whih still has a gˆk ⊕ gˆk symmetry. As was shown in [17℄, it is atually the Aek-Ludwig
xed point of the Kondo ow. Put dierently, when the Wilson loop Wµ ats on a boundary
state |B〉, it yields the infrared xed point of the RG ow triggered by the orresponding Kondo
perturbation on dµ|B〉. Beause the spetrum of Wµ is ompletely expliit, this provides a very
simple and eient way of investigating Kondo ows. We will repeat this argument in detail
below in setion 5, in the ase of supersymmetri Kondo perturbations.
The disussion above is not restrited to maximally symmetri boundary states, beause the
onstrution of the Wilson operator was ompletely independent from the boundary onditions
imposed at the ends of the ylinder. We an see the Kondo ow as ating on defet operators
as dµ1 7→Wµ. This ow on defet operators turns into a boundary ow when we let these two
operators at on a given boundary state. Wilson operators therefore provide a generalization
of the Aek-Ludwig presription : they desribes universal Kondo ows starting from any
D-brane. (See [26℄ for a deeper disussion of the universal properties of these ows.)
Let us add here an important remark. The Wilson operators desribed above form a ring
isomorphi to the representation ring of g, beause their eigenvalues (3.16) are given by hara-
ters of g. However, the physial state spae Hg of the sWZW model deomposes into a diret
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sum of integrable highest weight gˆk-modules. Let w be an element of the ane Weyl group
of gˆk, and ǫ(w) its sign. The Wilson operators W
g
µ and ǫ(w)W
g
w(µ) have an idential ation
on every integrable module, beause their eigenvalues are the same. One way to see that the
eigenvalues (3.16) oinide is to use an argument similar to the one leading to the Ka-Walton
formula (see [40℄, 16.2.1). We have therefore the equality : W gµ |Hg = ǫ(w)W gw(µ)|Hg . We an
dene an equivalene relation on the ring generated by Wilson operators, where two elements
are equivalent if they oinide on Hg. Denoting the equivalene lass of W gµ by [W gµ ], we have :
[W gλ ][W
g
µ ] = N νλµ [W gν ] , (3.17)
where N νλµ are the fusion oeients of gˆk. Indeed, on every highest weight module Hλ, [W gµ ]
ats by salar multipliation by
Sµλ
S0λ
, so (3.17) is equivalent to Verlinde's formula.
The formalism desribed above allows to treat a more general set of boundary perturbations
[16, 17℄. Choose a semi-simple subalgebra a ⊂ g, with embedding index x. Then we have an
indued embedding of Ka-Moody algebras aˆxk ⊂ gˆk. Suppose that Pa is the orthogonal
projetion (with respet to the Killing form) of g on a, and let A′ : a→ Cn be a representation
of a with highest weight τ . One an then hoose A = A′ ◦ P . (One therefore has Aa = 0
whenever ea ∈ g/a.)
The generalized Kondo perturbation (3.14) also triggers a boundary renormalization group
ow. One an repeat the quantization proedure, and get a quantized Wilson loop W aτ . W
a
τ
does not ommute with all of gˆk, but rather with aˆxk ⊕ gˆk/aˆxk, where the oset algebra gˆk/aˆxk
is the algebra formed by all the operators in the vertex algebra assoiated to gˆk whih ommute
with the subalgebra aˆxk. The spetrum of W
a
τ is also obtained in an expliit way :
W aτ = χ
a
τ
(
− 2πi
xk + h∨(a)
(υ + ρa)
)
1 on Maυ , (3.18)
where χa is the a-harater, h∨(a) and ρa the dual Coxeter number and the Weyl vetor of a,
and Maυ the Verma aˆxk-module of highest weight υ. To determine the ation of W
a
τ on a gˆk
module, one rst deomposes it into aˆxk-modules, on whih the ation is given by (3.18).
Again, one an use these Wilson operators to nd the infrared xed point boundary states
of the generalized Kondo perturbations. These states preserve only aˆxk⊕ gˆk/aˆxk ⊂ gˆk, and were
desribed in [41℄.
Wilson operators also provide a very onvenient way of building boundary states. Whenever
a Wilson operator ommutes with a given subalgebra of aˆ ⊂ gˆk, its ation on a boundary state
preserving aˆ automatially yields another boundary state preserving aˆ. This property will be
used below in the onstrution of supersymmetri boundary states for the sWZW model.
4 Boundary states in the sWZW model
3
In this setion, we onsider various well-known D-branes of the bosoni Wess-Zumino-Witten
model, and show how to onstrut their supersymmetri ounterparts in the sWZW model.
3
Many thanks to Stefan Fredenhagen for very useful disussions on this point.
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The supersymmetri D-branes that we will onstrut are based on :
• the maximally symmetri D-branes [42℄,
• the twisted D-branes [43, 44, 45℄,
• the oset D-branes [46, 41, 47℄,
• the twisted oset D-branes [46, 41, 47, 27, 28℄.
We will determine the harge of the rst three families of D-branes in setion 7 and the harge
of some members of the fourth family in setion 8. For some pedagogial introdution to the
treatment of D-branes in onformal eld theory, see [48, 49, 50℄.
A D-brane is fully speied one its ouplings with all of the losed string states are given.
Therefore, it an be pitured as a funtional on the state spae of the onformal eld theory. It
is often onvenient to see this funtional as a boundary state in a ompletion of the state spae
of the model (these states are not normalizable in general). We will onstrut the D-branes
mentioned above by exhibiting their orresponding boundary states.
Let us reall that a boundary state will be alled supersymmetri if its omponents in the
R-R and NS-NS setor satisfy the equations :
(Gr − iǫG¯−r)iH(|B〉) = 0 ,
where iH is the map dened in setion 3.1.
4.1 Maximally symmetri D-branes
In the WZW model based on gˆk, the maximally symmetri D-branes, as their name indiates,
preserve the maximal amount of the bulk symmetry, namely the diagonal gˆk subalgebra of the
spetrum generating algebra gˆk ⊕ gˆk.
We would like our supersymmetri maximally symmetri D-branes of the sWZW model to
have the same property. The latter an be implemented in the gluing onditions satised by
the orresponding boundary state |B〉 :
(Jan + J¯
a
−n)|B〉 = 0 . (4.1)
We want this boundary state to be onformal, whih imposes :
(Ln − L¯−n)|B〉 = 0 . (4.2)
Moreover, we also want it to be supersymmetri :
(Gr − iǫG¯r)|B〉 = 0 , (4.3)
with ǫ = ±1.
Given (4.1) and the expliit form of the superonformal generators (3.5), of the bosoni
urrent (3.3) and of the sˆo(d)1 urrent (3.7), we see that imposing :
(ψar + iǫψ¯
a
−r)|B〉 = 0 (4.4)
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implies :
(Jan + J¯
a
−n)|B〉 = 0 , ((Jso)in + (J¯so)i−n)|B〉 = 0 , (4.5)
and hene (4.2) and (4.3). Conversely, (4.5) implies (4.1) and (4.4) for some ǫ = ±1.
(4.5) are exatly the maximally symmetri gluing onditions of the bosoni WZW model
based on gˆk ⊕ sˆo(d)1, whih state spae oinides with the sWZW model after GSO projetion.
Therefore we see that the supersymmetri maximally symmetri boundary states for the sWZW
model are the maximally symmetri boundary states of the gˆk ⊕ sˆo(d)1 WZW model.
These states are tensor produts of boundary states for gˆk and sˆo(d)1. For gˆk, the rst set
of gluing onditions in (4.5) is relevant. There is one linearly independent solution (so-alled
Ishibashi state) |λ〉〉 in eah gˆk ⊕ gˆk-module Hλ ⊗ Hλ∗ ⊂ Hg with onjugated weights. It is
onvenient to resale it so that we have :
〈〈µ|q
1
2
“
L0+L¯0− kd12(k+h∨)
”
|λ〉〉 = δµλS0λχλ(q) ,
where q is a formal variable, S the modular S matrix of gˆk and χµ(q) is the speialized harater
of Hµ. (Our notation does not distinguish the Virasoro zero modes of the sWZW model from
the ones assoiated to gˆk and sˆo(d)1. It should be lear from the ontext whih one should be
used.) The elementary maximally symmetri boundary states are indexed by integrable highest
gˆk-weights, and they are given by :
|Bbos, µ〉 =
∑
µ∈P+
k
Sµλ
S0λ
|λ〉〉 .
To onstrut boundary states for sˆo(d)1, we have to distinguish several ases :
1. d odd : If d is odd, we dene I = {t, f, s}.
2. d = 0 mod 4 : In this ase the spinorial representations are self-onjugate. Therefore
we see that it will be possible to solve the seond gluing ondition of (4.5) in the Ramond-
Ramond setor only when hoosing the 0B GSO projetion. So in this ase we will onsider
for now only the 0B GSO projetion, and set I = {t, f, s, s′}.
3. d = 2 mod 4 : The spinorial representations are exhanged by harge onjugation, so
the gluing ondition an be solved in the Ramond-Ramond setor only when hoosing
the 0A GSO projetion. So we onsider the 0A GSO projetion in this ase and set
I = {t, f, s, s′}.
4. The ases d = 0 mod 4 with 0A GSO projetion, and d = 2 mod 4 with 0B GSO
projetion will be treated further below.
We therefore have one Ishibashi state for eah element of the set I : |x〉〉 ∈ Hx ⊗Hx, ∀x ∈ I.
We normalize them as :
〈〈x|q 12(L0+L¯0− d24)|y〉〉 = δxySsotxχx(q) . (4.6)
18
where again, Sso the modular S matrix of sˆo(d)1 and χx(q) is the speialized harater of Hx,
x ∈ I. From these Ishabashi states we an onstrut the following elementary boundary states :
|Bferm, x〉 =
∑
y∈I
Ssoxy
Ssoty
|y〉〉 .
The maximally symmetri supersymmetri boundary states for the gˆk˜ are therefore given
by :
|B,µ, x〉 = |Bbos, µ〉 ⊗ |Bferm, x〉 .
It is obvious that these boundary states satisfy the Cardy ondition, beause the |Bµ, gˆk〉 and
|Bx, sˆo(d)1〉 satisfy it separately.
It is instrutive to ompute expliitly the ratio
Ssoxy
Ssoty
appearing in the expression for the sˆo(d)1
boundary states :
y\x t f s
t 1 1
√
2
f 1 1 −√2
s 1 −1 0
d odd
y\x t f s s′
t 1 1 1 1
f 1 1 −1 −1
s 1 −1 (−1)d/4 (−1)d/4+1
s′ 1 −1 (−1)d/4+1 (−1)d/4
d even
We see that for odd d, |B,µ, f〉 desribes the anti-brane of |B,µ, t〉 (the sign of the Ramond-
Ramond omponent of the boundary state is reversed). |B,µ, s〉 desribes a brane whih does
not ouple to the losed string Ramond-Ramond setor, therefore we do not expet it to arry
any onserved harge.
For even d, we see that for eah µ ∈ P+k , we have two boundary states |B,µ, t〉 and |B,µ, s〉,
together with their respetive anti-branes |B,µ, f〉 and |B,µ, s′〉. Note that |B,µ, t〉 and |B,µ, f〉
satisfy the gluing onditions (4.4) with ǫ = +1, while |B,µ, s〉 and |B,µ, s′〉 satisfy the gluing
onditions with ǫ = −1. Therefore they preserve dierent supersymmetries. Interestingly, seeing
the type 0 GSO projeted free fermions as a sˆo(d)1 WZW model provides straightforwardly the
onsistent fermioni boundary states. When building them diretly from the free fermion theory,
one obtains a bigger set of branes, whih has to be redued to the set found above by onsidering
the onsisteny of the open string CFTs between these branes (see for instane [51℄, setion 2.3).
We still have to onsider the ases when d = 0 mod 4 with 0A GSO projetion or d = 2
mod 4 with 0B GSO projetion. In these ases, one nds two sˆo(d)1 Ishibasi states |t〉〉 and |a〉〉 in
the NS setor, but there is no way to solve the gluing ondition in the Ramond-Ramond setor.
Still, the states 2|t〉〉 ± 2|f〉〉 are admissible boundary states. Tensoring them with a maximally
symmetri boundary states |Bµ, gˆk〉 yields onsistent boundary states for the sWZW model.
Indeed, these states are nothing but the states |B,µ, t〉 + |B,µ, f〉 and |B,µ, s〉 + |B,µ, s′〉,
whih are (non-elementary) maximally symmetri boundary states for the sWZW model with
opposite GSO projetion. They lead to onsistent open string partition funtion, beause the
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two GSO projetions oinide in the NS-NS setor. Just like for the third elementary boundary
state in the odd d ase, we do not expet them to arry any harge, due to the fat that they
do not ouple to the Ramond-Ramond setor.
Finally, we remark that we have :
|B,µ, x〉 = W gµW sox |B, 0, t〉 ,
where W gµ and W sox are Wilson operators assoiated respetively to gˆk and sˆo(d)1, as dened in
the previous setion. W gµ is a normal ordered series in the urrent J, whih ommutes with J. As
J ommutes with ψ and as the superonformal generators an be expressed in term of J and ψ, we
dedue thatW gµ ommutes with the superonformal algebra. Similarly, W sox is a normal ordered
series in the urrent Jso whih ommutes with Jso. Its eigenvalues an be found in the two tables
above, and one heks that W sox ommutes with ψ when x = t, f (atually W
so
t is always the
identity operator), while it antiommutes with ψ when x = s, s′. As it obviously ommutes
with J, W sox ommutes or antiommutes with the superonformal generators, depending on x.
We dedue from these onsideration that given a supersymmetri boundary state |B〉, W gµ will
map it onto another boundary state preserving the same superharge, W soa will map it onto
its anti-brane, while W sos and W
so
s′ will map it onto the orresponding brane and anti-brane
preserving the opposite superharge. (It will reverse the sign of ǫ in the gluing ondition (4.3).)
4.2 Twisted D-branes
In the bosoni ase, the twisted D-branes satisfy the following gluing onditions on the Ka-
Moody urrents :
(Jan +Ω(J¯
a
−n))|B〉 = 0 . (4.7)
where Ω is the outer automorphism of gˆk indued by an outer automorphism of the orrespond-
ing nite Lie algebra g. (We will denote the latter by the same symbol Ω.) We want to onstrut
supersymmetri boundary states in the WZW model suh that the ondition (4.7) is satised
by the full urrent J generating gˆk˜.
The fermioni eld ψ(z) is g-valued, hene Ω ats naturally on it. This denes an automor-
phism of the hiral algebra cˆ. Using the fat that Ω is an orthogonal transformation preserving
the Killing form on g and an automorphism of the Lie braket, one an hek that Ω leaves
invariant both L(z) and G(z). The ation of Ω on ψ(z) extends to an ation on the sˆo(d)1
urrent Jso. This ation is given by adΩ, seeing Ω as an element of O(d).
It follows from these onsiderations that we an readily apply the familiar onstrution of
twisted boundary states [43, 24℄ to the bosoni WZW model based on gˆk ⊕ sˆo(d)1, with auto-
morphism given by Ω× adΩ. The resulting boundary states are produts of twisted boundary
states for gˆk and for sˆo(d)1, beause the automorphism fatorizes.
The twisted boundary states for gˆk are indexed by the weights µ˙ ∈ P+Ω,k of Ω-twisted
representations of gˆk.
The fermioni boundary states are indexed by adΩ twisted representations of sˆo(d)1. We
have to distinguish several ases again :
• detΩ = 1 : When Ω belongs to SO(d), the twist is inner in the fermioni setor. The
twisted boundary state is given by the ation of Ω on the maximally symmetri boundary
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states |Bferm, x〉 onstruted in the previous setion. For even d, they have a non-trivial
omponent in the Ramond-Ramond setor when we hoose the 0B (0A) GSO projetion
for d = 0 mod 4 (d = 2 mod 4).
• detΩ = −1 and d odd : Ω /∈ SO(d), but it an be written as −Ω′ where Ω′ ∈ SO(d).
Therefore the twist on sˆo(d)1 is inner, given by adΩ′ . The twisted boundary state is given
by Ω′|Bferm, x〉. Beause of the relative fator of −1 between Ω and Ω′, the resulting
twisted boundary states |Bferm,Ω, x〉 preserve the opposite superharge (with ǫ = −1 in
(4.3)).
• detΩ = −1 and d even : Then up to some inner automorphism, Ω is the outer automor-
phism exhanging the two fundamental weights assoiated with the spinorial representa-
tions. So these boundary states an have a non-trivial omponent in the Ramond-Ramond
setor only when d = 0 mod 4 in the 0A ase, and when d = 2 mod 4 in the 0B ase
(the opposite as for maximally symmetri boundary states). They are labeled by the
integrable weights {t, f} of the twisted Ka-Moody algebra D(2)d/2 at level one.
All in all, provided we hoose the right GSO projetion, we get the following set of twisted
supersymmetri boundary states :
|BΩ, µ˙, x〉 , µ˙ ∈ P+Ω,k ,
where x ∈ {t, f, (s, s′)}, s′ appearing only in the ase where detΩ = 1 and d is even, and s being
absent when detΩ = −1 and d is even. |BΩ, µ˙, t〉 and |BΩ, µ˙, f〉 are eah other's anti-brane.
It follows from the general theory of twisted boundary states [43, 24℄ that these states
satisfy Cardy's ondition. They are supersymmetri beause they satisfy (4.7) as well as the
orresponding gluing ondition on the fermioni modes :
(ψan + iǫΩ(ψ¯
a
−n))|BΩ, µ˙, x〉 = 0 . (4.8)
This implies the gluing ondition :
(Gr − iǫΩ(G¯r))|BΩ, µ˙, x〉 = 0 ,
whih implies (4.3) beause G is invariant under Ω.
Remark that just like for supersymmetri maximally symmetri boundary states, produts
of Wilson loop operators like W gµW sox at on these states.
4.3 Coset D-branes
Let aˆk′ ⊂ gˆk be a Ka-Moody subalgebra generated by an embedding a ⊂ g of redutive nite
Lie algebras. In [46, 41, 47℄, the authors onsidered the bosoni WZW model based on gˆk and
onstruted branes preserving only aˆk′ ⊕ gˆk/aˆk′ ⊂ gˆk, where gˆk/aˆk′ denotes the oset vertex
algebra, ie. all the normal ordered produts of generators of gˆk ommuting with the elements
of aˆk′ .
Again, we want to nd the orresponding supersymmetri boundary states for the sWZW
model. We will see that the onstrution of [41℄ an be used without any further modiation,
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one the proper Ka-Moody subalgebra aˆκ ⊂ gˆk ⊕ sˆo(d)1 has been found. Supersymmetry of
the resulting boundary states will follow from a simple reasoning using Wilson operators.
So onsider an embedding of a semi-simple nite Lie algebra a in g, with embedding index
x. It will be useful to hoose the orthonormal basis {ea} of g so that the rst da vetors generate
a. Capital indies A,B,C, ... will run from 1 to da.
Let us dene the partial urrent [52℄ :
J An = JAn +
1
2
fABC
∑
r
ψBr ψ
C
n−r , (4.9)
where as always the sum on r is on half-integers in the Neveu-Shwarz setor and on integers in
the Ramond setor. Note that the partial urrent diers from the restrition J|a of the bosoni
urrent J to a, beause the sum on the Lie algebra indies B and C on the right hand size is
restrited to a. It generates a Ka-Moody subalgebra aˆκ ⊂ gˆk ⊕ sˆo(d)1, where κ = xk˜− h∨a , h∨a
being the dual Coxeter number of a. This urrent satises :
[J An , ψBr ] = 0 ,
but in general it does not ommute with ψ|a⊥ , the omponent of the fermioni eld assoiated
with the orthogonal omplement of a in g. Dene furthermore :
Gar = −
1√
k˜
(∑
m
J AmψAr−m −
1
6
fABC
∑
s,t
ψAs ψ
B
t ψ
C
r−s−t
)
,
Gg/ar = Gr − (Ga)r ,
Lan =
1
2k˜
∑
m
: J amJ an−m : +
1
2
∑
r
r : ψAn−rψ
A
r :
(
+
da
16
δn,0
)
,
Lg/an = Ln − (La)n ,
(4.10)
where the term in parenthesis on the third line should be added in the Ramond setor only.
The ruial properties of Gg/a and Lg/a is that they ommute with J and ψ|a [52℄. Therefore
they also ommute with Ga and La.
Let P+a,κ denotes the integrable highest weights for aˆκ, and S
a
στ be the modular S matrix
of aˆκ. Now onsider a Wilson loop operator W
a
σ , σ ∈ P+a,κ, built from the lassial urrent
orresponding to J . ThenW aσ ommutes with the urrent J , and it ats by salar multipliation
by
Saστ
Sa0τ
on any highest weight aˆκ-module appearing in H. Moreover, it an be expressed as a
normal-ordered series in J , so it also ommutes with ψ|a, with Gg/a and with Lg/a. Beause
Ga and La are expressed in term of J and ψ|a, W aσ ommutes with them, so it ommutes with
L and G. Therefore it maps a onformal supersymmetri boundary state onto a onformal
supersymmetri boundary state.
Starting from one of the maximally symmetri boundary states onstruted above, we get
the following oset boundary states :
|B
oset
, µ, x, σ〉 = W aσ |B,µ, x〉 = W aσW gµW sox |B, 0, t〉 . (4.11)
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In partiular, for σ = 0, W aσ ats like the identity on the state spae H, and the boundary
states |B
oset
, µ, x, 0〉 are the maximally symmetri boundary states. Beause they are built from
maximally symmetri boundary states, in even dimension these states will have a non-zero om-
ponent in the Ramond-Ramond setors for d = 0 mod 4 if we hoose the 0B GSO projetion,
and for d = 2 mod 4 if we hoose the 0A GSO projetion. The fermioni modes belonging to
the preserved vertex algebra, in partiular those assoiated with the Cartan subalgebra of g,
still satisfy (4.4).
It is not yet obvious that the boundary state (4.11) really satises Cardy's onsisteny on-
dition. However, one an hek (see [17℄) that (4.11) is exatly the boundary state onstruted
in [41℄, if we hoose the bosoni WZW model based on gˆk⊕ sˆo(d)1, and if we hoose the embed-
ding of aˆκ dened in (4.9). The omputations in [41℄ establish that the open string strething
between suh branes fall into representations of the preserved algebra aˆκ ⊕ (gˆk ⊕ sˆo(d)1)/aˆκ,
and therefore that Cardy's ondition holds.
Note that one an generalize the onstrution in the ase when we have a sequene of
embeddings a1 ⊂ ... ⊂ ap ⊂ g of semi-simple Lie subalgebras [47℄. The orresponding boundary
state an again be onstruted from a single maximally symmetri boundary state, by the ation
of p+ 2 Wilson operators assoiated to the the p subalgebras {ai}, g and so(d).
4.4 Twisted oset D-branes
The oset D-branes an also be twisted by outer automorphisms either of g or of the subalgebra
a [46,41,47℄. To onstrut their supersymmetri equivalent, one needs only to apply the results
of [47℄, provided the subalgebra is hosen arefully so that supersymmetry is preserved.
We keep the same notations as in the previous subsetion. Suppose we are given an outer
automorphism Ωa of a and an outer automorphism Ω of g. They indue automorphisms of aˆκ
and gˆk, respetively (that we denote by the same symbol). The ation of the automorphism of
aˆκ an be extended to gˆk, by hoosing its ation to be trivial on the omplement of aˆκ. The
resulting map is not an automorphism of gˆk : it preserves only aˆκ⊕ gˆk/aˆκ. We also extend both
automorphisms on the fermioni modes by the adjoint ation.
Just as for ordinary twisted boundary states, ΩaΩ is an orthogonal transformation with
respet to the Killing form. Therefore it indues an automorphism on sˆo(d)1 by the adjoint
ation.
We an therefore onsider the vertex algebra
gˆk⊕sˆo(d)1
aˆκ
⊕ aˆκ, and apply the onstrution
of [47℄ to get twisted oset states :
|BΩ˜, µ˙, σ˙, x〉 .
Cardy's ondition follows from the results in this paper. The whole analysis arried out for
twisted boundary states an be repeated to determine whih is the neessary GSO projetion
for these states to have a non-zero omponent in the Ramond-Ramond setor. The dependene
on the determinant of ΩaΩ is exatly the same.
To see that these states are indeed supersymmetri, one just has to show that the operator
G is left invariant by Ω˜. G is invariant under Ω beause it is an automorphism of gˆk. G
a
is
invariant under Ωa beause it is an automorphism of aˆκ. To see that G
g/a
is also invariant one
should use the fat that it ommutes with both J and ψ|a. Therefore it belongs to the oset
cˆ/(aˆκ ⊕ fˆa), where Ωa ats trivially. (ˆfa is the vertex algebra generated by ψ|a.)
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As for the oset boundary state, any produt of Wilson loop operators of the formW aσW
g
µW sox
ats on the twisted oset state to yield another supersymmetri onsistent boundary state.
All of the boundary states onstruted in this setion are enompassed in the family of
twisted oset boundary states. Maximally symmetri and twisted boundary states are twisted
oset states with a = g, and the twisted oset state with trivial automorphism Ωa = Ω = id are
the oset (or maximally symmetri) boundary states.
As they stand, our type 0 D-branes are unstable : one easily hek that the spetrum of
open string on the brane ontains a tahyon, while the spetrum of strings strething between
a brane and an antibrane is free of instabilities. A D-brane supporting a tahyon annot arry
any non-trivial ow invariant, as a perturbation by the tahyon eld makes it deay entirely into
losed string radiation (see for instane setion 3.3 of [53℄). However, generi arguments [54,55℄
show that the inlusion of the ghosts reverses this situation by exhanging the brane/brane and
brane/antibrane spetrum, so that in this setting the type 0 D-branes are stable.
5 Supersymmetri Kondo perturbations
We will now make more preise the link between Kondo perturbations in the open string piture
and Wilson operators in the losed string piture, in the ase of super Wess-Zumino-Witten
models. This argument is a slightly generalized version of the one appearing in [53℄, pp.30-31.
Consider a sWZW model on a ylindrial worldsheet S1× [0, 1], with worldsheet time along
the periodi diretion, and let C be the boundary S1 × {0}. After having tensored the state
spae with C
n
(whih orresponds to staking n D-branes of the same type at one boundary),
one an perturb the superharge G as follows [56℄ :
∆G = −l
√
k˜
∫
C
dσψa(σ)Aa , (5.1)
where the normalization of the oupling l is hosen for later onveniene. σ is a parametrization
of C and Aa a set of n×n matries forming a representation of a subalgebra a ⊂ g with highest
weight τ , and ating on the Cn fator of the state spae. The maximally symmetri ase is
inluded, when a = g.
We hoose the same onvention on the Lie algebra indies as in the previous setion. Capital
indies A,B,C, ... run over 1, ..., d(a), and indies a, b, c... still run over 1, ..., d. The matries
AB form a representation of a while A|a⊥ = 0.
The perturbation (5.1) indues a perturbation on L0, by imposing (G0)
2 = L0 − c24 in the
Ramond setor and {G 1
2
, G− 1
2
} = L0 in the Neveu-Shwarz setor. It reads :
∆L0 = l
∑
n
JBn A
B + l2k˜
∑
r,s
ψBr A
BψCs A
C .
Note that up to a term of order l2, the right hand side oinides with the bosoni Kondo
perturbation (3.14). Using the denitions (4.9) of the partial urrent J and (4.10) of partial
Virasoro generator La, in the NS setor, we an rewrite the zero mode of the perturbed stress
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tensor :
L0 +∆L0 = L
a
0 + L
g/a
0 + l
∑
n
JBn A
B + l2k˜
∑
r,s
ψBr A
BψCs A
C
=
∑
n
(
1
2k˜
: J A−nJ An : + lJ Bn AB +
1
2
l2k˜ABAB
)
+
1
2
∑
r
(
r : ψA−rψ
A
r : +
+l(lk˜ − 1)fABC
∑
s
ψAr ψ
B
s A
C
)
+ L
g/a
0
=
1
2k˜
∑
n
: (J B−n + lk˜AB)(J Bn + lk˜AB) : +
1
2
∑
r
r : ψA−rψ
A
r : +
+
1
2
l(lk˜ − 1)fABC
∑
r,s
ψAr ψ
B
s A
C + L
g/a
0 .
We wrote La0 expliitly, expressed J in term of J , developed the last term and rearranged the
terms. In the R setor the same omputation holds verbatim, exept for proper inlusions of
the entral terms
d
16 and
da
16 .
It is not known how to treat this perturbation for generi l beyond perturbation theory.
But at the speial oupling value l = k˜−1, the operators J Bn + lk˜AB satisfy the ommutation
relations of the Ka-Moody algebra aˆκ. The perturbed Hamiltonian is therefore quadrati in
the elds of aˆκ ⊕ fˆa ⊕ cˆ/(aˆκ ⊕ fˆa). We expet the states of the perturbed theory to fall into
modules for the bosoni part of this hiral algebra aˆκ ⊕ (gˆk ⊕ sˆo(d)1)/aˆκ. We will see now how
the Hamiltonian an be diagonalized.
Consider a highest weight module Hµ ⊗Hsox for gˆk ⊕ sˆo(d)1, where µ and x are integrable
highest weights for gˆk and sˆo(d)1, respetively. This module breaks into submodules for aˆκ ⊕
(gˆk ⊕ sˆo(d)1)/aˆκ :
Hµ ⊗Hsox =
⊕
σ
⊕
[µ,x,σ]
Haσ ⊗Hcs[µ,x,σ] ,
where σ ∈ P+a,κ is an integrable weight of aˆκ, [µ, x, σ] labels oset primary elds and Hcs[µ,x,σ] is
the orresponding module for the oset algebra (gˆk ⊕ sˆo(d)1)/aˆκ.
The elds in the oset (gˆk⊕sˆo(d)1)/aˆκ are left invariant under the perturbation (5.1), but we
saw that the omponents of the urrent generating aˆκ are modied as J Bn 7→ J˜ B−n = J B−n+AB.
If we manage to deompose Haσ ⊗Cn into highest weight modules for the modied urrent, we
will have diagonalized the perturbed Hamiltonian. It will then be easy to identify the perturbed
theory from its spetrum.
Haσ ⊗ Cn does not ontain any highest weight vetor for the perturbed urrents. However,
one an look for highest weight states in a ompletion Cσ,n of H
a
σ ⊗ Cn, namely the full linear
span of Haσ ⊗ Cn (see [17℄ for a more detailed version of the following argument). The vertex
operators of the WZW model [57,58℄ intertwine the ation of J and J˜ in Cσ,n. The number of
linearly independent vertex operators intertwining the ation of J˜ on Haσ ⊗ Cn and the ation
of J on Haυ ⊂ Cσ,n is exatly given by the fusion rules N a υστ of aˆκ. We therefore have an
embedding : ⊕
υ∈P+a,κ
N a υστ Haυ ⊂ Cσ,n , (5.2)
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where we use a multipliative notation to denote the diret sum of several opies of the same
module. Note that the vetors of Haυ ⊂ Cσ,n are not normalizable with respet to the original
norm on Haσ ⊗ Cn, but that one has naturally a renormalized norm on the subspae (5.2) of
Cσ,n indued by the inlusion.
Suppose for deniteness that the original open string theory desribed strings strething
between maximally symmetri D-branes of label (µ, x) and (λ, y). The state spae of the
original theory is given by : ⊕
ν∈P+
k
N νµλHν ⊗N zxyHsoz ,
N νµλ and N zxy being the fusion rules of gˆk and sˆo(d)1, respetively. The disussion above allows
us to identify the state spae of the perturbed theory as :⊕
ν∈P+
k
⊕
σ,υ
⊕
[ν,z,σ]
N νµλN a υστ Haυ ⊗N zxyHcs[ν,z,σ] ,
where the sum over σ and υ runs over integrable aˆκ-weights and the sum on [ν, z, σ] runs over
oset primary elds. The orresponding partition funtion reads :
Zpert(q) =
∑
ν∈P+
k
∑
σ,υ
∑
[ν,z,σ]
N νµλN a υστ N zxy χaυ(q)χcs[ν,z,σ](q) ,
where χaυ and χ
cs
[µ,z,σ] are the speialized haraters of aˆκ and oset modules. Comparing with
[41℄, we see that this partition funtion desribe open strings strething between the D-branes
orresponding to |B,µ, x〉 and |B
oset
, λ, y, τ〉 = W aτ |B,λ, y〉.
Therefore we see that there is a xed point of the ow indued by the perturbation (5.1).
In the losed string setor, this xed point is obtained from the unperturbed CFT by the
insertion of the Wilson operator W aτ into the ylinder amplitude. We see in partiular that the
IR xed point theory is superonformal, due to the fat that W aτ ommutes with the generators
of the superonformal algebra (see the disussion in setion 4.3). Note that in the maximally
symmetri ase : a = g, the orresponding Wilson operator is W gτ , whih is onstruted using
the bosoni urrent J.
Hene the generalized Kondo ows take the form dτ |B〉 7→ W aτ |B〉. This result will allow us
to hek expliitly that the harges that we will assign to supersymmetri boundary states are
invariants of these ows.
6 Test states : the ohomology of the superharge
As explained in setion 2, our aim is to measure the harges of the D-branes by formally
omputing their oupling to massless Ramond-Ramond states. We also remarked that suh
states do not exist in the state spae of the sWZW model, so we will have to look for them
in a generi highest weight module for the hiral algebra cˆ. Of ourse, a non-trivial part of
our proedure for measuring the harges will be to omplete the boundary states in the virtual
setor ontaining the massless Ramond-Ramond states in a onsistent way, in order to be able
to ompute the harges as overlaps, but this will be not be undertaken before the next setion.
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6.1 Test states
Let us write D± := ±G0 + iG¯0. We have D†+ = D−. For deniteness, let us deide that we are
interested in measuring the harges of supersymmetri boundary states satisfying D−|B〉 = 0.
The treatment of the boundary states supersymmetri with respet to the other superharge is
ompletely similar.
The rst task is to identify a minimal set of test states. We will restrit to test states whih
are supersymmetri with respet to D+, hene they should satisfy :
D+|RR〉 = 0 . (6.1)
Non-supersymmetri test states do not seem to extrat invariants of boundary RG ows from
the boundary states.
But we an restrit this set further : any test state of the form |RR〉 = D+|RR′〉 would have
zero salar produt with a supersymmetri boundary state |B〉 satisfying D−|B〉 = 0. Hene
our test states are in bijetion with the elements of kerD+ modulo ImD+, that is with the
elements of the ohomology of D+. Note that (D+)
2 = (G0)
2−(G¯0)2 = L0−L¯0 always vanishes
on states satisfying the level mathing ondition, so ImD+ ⊂ kerD+.
Let us examine now the ondition that the Ramond-Ramond states should be massless.
They are linear ombinations of states of the form |RRb〉 ⊗ |RRf〉 where |RRb〉 ∈ Hg and
|RRf〉 lies in the Ramond-Ramond part of the sˆo(d)1 state spae HsoX . We an readily see that
there is no massless RR eld in the physial state spae of the model. Indeed, their masses are
given by : (
L0 + L¯0 − c
12
)
|RR〉 =
(
h|RRb〉 + h|RRf〉 −
c
12
)
|RR〉 , (6.2)
where h denotes the onformal dimension of the states. The nonexistene of massless Ramond-
Ramond elds follows from the inequalities h|RRb〉 ≥ 0, h|RRf〉 ≥ d8 and c = 3k+h
∨
2(k+h∨)d <
3
2d [31℄.
If we want to pursue this approah, we have to look for states outside the physial state
spae of the model. So let us study the ohomology of D+ on any highest weight module of the
form :
Vλ = H
g
λ ⊗ H¯gλ∗ ⊗ F 2dR , (6.3)
for λ an arbitrary weight of gˆ at level k. Hgλ is the unique irreduible highest weight module
with highest weight λ, and F 2dR is the Fok module for 2d real fermions in the Ramond setor.
H¯gλ∗ is the onjugated module to H
g
λ. It is generated by the ation of gˆk on a state |λ∗〉 of
weight −λ, annihilated by the positive modes of the urrent J¯ , as well as the zero modes of the
generators assoiated to negative roots. The omponent (H¯gλ∗)n of H¯
g
λ∗ at a xed grade n ≤ 0
is therefore a lowest weight module for the horizontal Lie algebra g4.
Using (6.2), it is possible to guess for whih hoie of λ we may obtain massless Ramond-
Ramond states. Restriting our test states to be states of grade zero in Vλ, (6.2) yields the
equation :
0 = h|RRb〉 + h|RRf〉 −
c
12
=
(λ, λ+ 2ρ)
k + h∨
+
d
8
− 3k + h
∨
24(k + h∨)
d (6.4)
4
Integrable modules deompose into nite dimensional g-modules at eah grade, whih makes this distintion
between highest weight and lowest weight modules irrelevant. The situation is dierent when onsidering non-
integrable modules, whih generially deompose into innite dimensional Verma g-modules. This is the reason
why we now have to distinguish in notation H¯
g
λ from H
g
λ .
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⇒ (λ, λ+ 2ρ) + h
∨d
12
= 0 .
By the Freudenthal-de Vries strange formula, this equality is satised when λ = −ρ, where ρ
denotes the Weyl vetor of g (half the sum of the positive roots). Therefore Ramond-Ramond
ground states are massless on the grade zero subspae of V−ρ. Note that the module V−ρ is the
only one among all Vλ satisfying this ondition, beause −ρ is the global minimum of (λ, λ+2ρ).
We will now ompute the ohomology of D+ on this subspae.
6.2 The ohomology of the superharge
As we saw above, in V−ρ, the kernel of D+ is ontained in the grade zero subspae (V−ρ)0 (with
respet to L0). On this subspae, G0 takes the simpler form :
G0|(V−ρ)0 = −
1√
k˜
(
J
a
0ψ
a
0 −
1
6
fabcψ
a
0ψ
b
0ψ
c
0
)
.
This operator appeared in the mathematial literature in [59℄ as a dierential on the non-
ommutative Weil algebra, and in a more general form in [60℄ as the ubi Dira operator.
Note also that the deformation of G0 indued by (5.1) was studied in [61℄, in the ontext of the
omputation of the twisted equivariant K-theory of ompat Lie groups.
To ompute the ohomology of D+ on (V−ρ)0, we will use a homotopy operator. The goal
is to nd H suh that {D+,H} = P , where P is an operator whih ommutes with D+, and
whih is invertible on a subspae VP omplementary to kerP . The existene of suh an operator
implies that the ohomology of D+ is trivial on VP . Indeed, suppose that we have some state
|RR〉 ∈ VP suh that D+|RR〉 = 0. Then :
|RR〉 = PP−1|RR〉 = (D+H +HD+)P−1|RR〉 = D+(HP−1|RR〉) ,
so that |RR〉 is ohomologially trivial. Moreover, as D+ preserves kerP , the ohomology of
D+ on (V−ρ)0 is isomorphi to its ohomology on kerP .
In our ase, a homotopy operator is provided by (see (3.11)) H =
√
k˜ψρ0+ :=
√
k˜ρiψi0+,
where i = 1, ..., rank g runs over an orthonormal basis of the Cartan subalgebra h of g, and ρ
is the Weyl vetor. Then P is given by P = −Jρ0 + J¯ρ0 = −ρi(J i0 − J¯ i0), and one heks that
[D+, P ] = 0 indeed. We should now identify kerP . To this end, we rewrite the urrents J
ρ
0 and
J¯ρ0 as :
Jρ0 = J
ρ
0 −
1
2
∑
i
ρi
∑
α∈∆
(α∨)iψ−α0 ψ
α
0 = J
ρ
0 + (ρ, ρ)−
∑
α∈∆+
ψ−α0 ψ
α
0 ,
J¯ρ0 = J¯
ρ
0 −
1
2
∑
i
ρi
∑
α∈∆
(α∨)iψ¯−α0 ψ¯
α
0 = J¯
ρ
0 − (ρ, ρ) +
∑
α∈∆+
ψ¯α0 ψ¯
−α
0 ,
where ∆ and ∆+ are the set of all roots and positive roots, respetively. We used here the
non-orthonormal Cartan-Weyl basis indued from the root spae deomposition of g, and wrote
the struture onstants of the Lie braket expliitly in this basis. ψα0 is the zero mode of the
fermion assoiated with eα, the generator of the root spae gα. We an therefore rewrite :
P = −Jρ0 + J¯ρ0 − 2(ρ, ρ) +
∑
α∈∆+
(ψ−α0 ψ
α
0 + ψ¯
α
0 ψ¯
−α
0 ) .
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Note that the last term is just the fermion number operator for the zero modes of the fermions
assoiated with the roots of g.
It is now easy to read o kerP ⊂ (V−ρ)0 : it is given by the vetors with weight −ρ
(ρ) with respet to the holomorphi (antiholomorphi) bosoni urrents and annihilated by
the holomorphi (antiholomorphi) fermions assoiated with positive (negative) roots. Let us
denote highest weight of state Hg−ρ ⊗ H¯g−ρ by | − ρ〉. Using the notation (3.12), we have :
kerP =
{
| − ρ〉 ⊗ σ|e ∧ en+〉|e ∈
∧
h
}
(6.5)
where en+ denotes the volume form on n+, the subalgebra formed by the positive root spaes.
σ is the automorphism of F 2dR indued by ψ¯
α
n ↔ ψ¯−αn . The ation of σ ensures that the states
above are annihilated by ψα0 and ψ¯
−α
0 , rather than ψ
α
0 and ψ¯
α
0 . So we know that any state
having no omponent on kerP is ohomologially trivial, and we redued the problem to the
study of the ohomology of D+ on kerP .
To proeed, one an remark that on kerP , G0 takes the form :
G0|kerP = − 1√
k˜
(
J
a
0ψ
a
0 −
1
6
fabcψ
a
0ψ
b
0ψ
c
0
)∣∣∣∣
kerP
= − 1√
k˜

−ρiψi0 + 12
∑
α∈∆+
αiψi0

 = 0 ,
where we used the fat that J
α
0 and ψ
α
0 vanish on kerP , and made expliit the struture onstants
in the Cartan-Weyl basis. Therefore :
D+|kerP = 0 .
Finally, as D+ ommutes with P , we see that it preserves kerP , so it is impossible to have
|RR〉 = D+|RR′〉 if |RR〉 ∈ kerP . Hene the ohomology is isomorphi to kerP , and has
dimension 2r, where r denotes the rank of g. We have a representative for eah lass, given by
(6.5) above.
Note that the restrition to massless Ramond-Ramond ground states whih lead us to on-
sider only V−ρ among all Vλ's is not neessary. Indeed, using the homotopy operator H ′ = 12D−,
we get P ′ = L0 + L¯0 − c12 . As we saw in (6.2), P ′ exatly omputes the mass of the Ramond-
Ramond states, so the fat that the ohomology an be non-trivial only in the kernel of P ′
oinides with the ondition for massless states. This shows that the ohomology is trivial in
Vλ for λ 6= −ρ.
To ompute the ohomology of D−, whih is used to probe the harges of the branes pre-
serving the opposite supersymmetry, we an use the homotopy operator H− =
√
k˜ρiψi0−. Then
P is idential, and we get in kerP a representative for eah of the ohomology lasses of D−.
Let us adopt the following notation for our test states :
|RR, e〉 = | − ρ〉 ⊗ σ|e ∧ en+〉 ,
with e ∈ ∧ h.
We take the opportunity of introduing here a grading that will be of muh use in the
remaining of this paper. adP denes a grading grP of cˆ ⊕ cˆ : grP (Jαn ) = (ρ, α) and grP (ψαn ) =
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± 2|α|2 depending if α is a positive or negative root. The anti-holomorphi partners have opposite
grade. We dene the total grading grT = h
∨
grL0 + grP , where grL0 is the grading indued by
the zero mode L0 of the stress tensor. As the salar produt of the highest root θ with the
Weyl vetor ρ is given by h∨ − 1, we see that the only operators with zero total grade are the
omponents J0|h of the urrent and ψ0|h along the Cartan subalgebra h of g. This grading
indues a non-negative grading of V−ρ, and kerP is the grade zero subspae.
6.3 The generi test states
The test states that we found are not the most general ones, however. This omes from the fat
that the gˆk-module H
g
−ρ does not arry a representation of the Lie group G. It is a member of
a ontinuous family of non-isomorphi modules.
As a g-module, Hg−ρ is a diret sum of (innite dimensional) highest weight modules with
respet to the prinipal graduation dened by adJ
ρ
0. That is, modules generated by a highest
weight vetor annihilated by all of the operators having a positive eigenvalue under the adjoint
ation of J
ρ
0. Realling that the Lie group G ats by the adjoint ation on the Ka-Moody
algebra, we an hoose another graduation ad(gJρ0g
−1), g ∈ G. From this graduation, we an
onstrut a gˆk-module gH
g
−ρ. gH
g
−ρ is generated by gˆk from a highest weight state |g,−ρ〉
suh that gJα0 g
−1|g,−ρ〉 = 0 for every α ∈ ∆+, and gJi0g−1|g,−ρ〉 = −ρi|g,−ρ〉 for every Ji0 in
the Cartan subalgebra of the horizontal algebra g. |g,−ρ〉 is also annihilated by the positive
modes J
a
n, n > 0. The modules gH
g
−ρ form a ontinuous family of non-isomorphi modules.
Put dierently, the denition of a highest weight module requires the hoie of a triangular
deomposition of g = n− ⊕ h ⊕ n+, and the generators of the subalgebra n+ are dened to
annihilate the highest weight vetor. Considering distint triangular deompositions of g yields
non-isomorphi highest weight modules (exept in the ase of nite dimensional g-modules).
Finally, note that the ation of gˆk on gH
g
−ρ is isomorphi to its ation on H
g
−ρ twisted by the
inner automorphism adg−1 .
Similarly, one an onstrut a family gH¯g−ρ of highest weight module for the antiholomorphi
opy of the Ka-Moody algebra. As a g-module, gH¯g−ρ is a diret sum of highest weight g-module
with respet to the graduation provided by −ad(gJ¯ρ0g−1).
Dene the cˆ⊕ cˆ-module :
(g, g′)V−ρ = gH
g
−ρ ⊗ g′H¯g−ρ ⊗ F 2dR .
As mentioned above, the ation of gˆk on gH
g
−ρ is isomorphi to its adg−1-twisted ation on
Hg−ρ. As the superonformal generators are invariant under the adjoint ation of the group G,
(g, g′)V−ρ also ontains massless Ramond-Ramond states in its grade zero omponent.
The omputation of the ohomology ofD+ on (g, g
′)V−ρ an be performed similarly as above.
All the holomorphi operators should be onjugated by g, while antiholomorphi ones should
be onjugated by g′. The ohomology is therefore supported on the kernel of the operator :
P(g,g′) = −gJρ0 g−1 + g′J¯ρ0 g′−1 .
Note that the entralizer of J
ρ
0 in G is the Cartan torus H, so the set of modules (g, g
′)V−ρ,
g, g′ ∈ G an be tied together into a bundle GV−ρ over G/H × G/H, if we dene the ber
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above the element (gH, g′H) to be (g, g′)V−ρ. To be more preise, we take the trivial bundle
G×G×V−ρ, with the ation of cˆ⊕ cˆ on the ber above (g, g′) to be the one realized in (g, g′)V−ρ,
and we quotient it by the right ations of H on eah G fators to get GV−ρ.
In order to keep the notation as simple as possible, we will not be very areful in distinguish-
ing the osets gH from representatives g. This is justied by the fat that all of the modules
(g, g′)V−ρ for (g, g′) ∈ g0H × g′0H are isomorphi.
Finally, there is a natural map φg : gH−ρ → H−ρ. Denote by |g,−ρ〉 the highest weight
vetor of gH−ρ. Then we dene φg so that it sends |g,−ρ〉 on |1,−ρ〉 = | − ρ〉, and X|g,−ρ〉 on
g−1Xg| − ρ〉, where X is any produt of the operators {Jan}. This map intertwines the ation
of gˆ on gH−ρ and its twisted ation on H−ρ (the twist being the inner automorphism adg−1).
There is a similar intertwining map φ¯g between the antiholomorphi modules. On the fermioni
side, the transformations ψan 7→ g−1ψang and ψ¯an 7→ g′−1ψ¯ang′ indues an automorphism φF(g,g′) of
F 2dR . More preisely, φ
F
(g,g′) is dened by :
φF(g,g′) = gψ ◦ g′¯ψ , (6.6)
where gψ and g
′¯
ψ
denote the images of the elements g, g′ ∈ G by the holomorphi and antiholo-
morphi representations of G on F 2dR . (Innitesimally, these two representations are generated
by the zero modes of the fermioni urrents (3.2) and of their antiholomorphi ounterpart.)
We an therefore dene the following intertwining map :
φ(g,g′) = φg ⊗ φ¯g′ ⊗ φF(g,g′) , (6.7)
whih identies (g, g′)V−ρ and V−ρ as vetor spaes.
6.4 Gluing onditions and shifts on the group
The problem we will be interested in in the next setion will be to solve in GV−ρ the gluing
onditions satised by the boundary states. Suh gluing onditions take the form of a set of
equations of the type :
(X + X¯ ′)|B〉 = 0 , (6.8)
where X and X¯ ′ are operators belonging respetively to the holomorphi and antiholomorphi
opy of the hiral algebra cˆ. Suppose we are trying to solve (6.8) in the ber (g, g′)V−ρ. The
ation of gˆ in (g, g′)V−ρ is only the ation in V−ρ twisted by the inner automorphisms adg−1
and adg′−1 on the holomorphi and antiholomorphi side, respetively. Hene we readily see
that solving (6.8) in (g, g′)V−ρ is equivalent to solving the following gluing onditions in V−ρ :
(g−1Xg + (g′)−1X¯ ′g′)|B〉 = 0 . (6.9)
More preisely, if we denote by |B(g,g′)〉 the solution of (6.8) in (g, g′)V−ρ, and |B′(1,1)〉 the
solution of (6.9) in V−ρ, we have φ(g,g′)|B(g,g′)〉 = |B′(1,1)〉.
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6.5 Ation of quantized Wilson loop operators
Given a Ka-Moody algebra, one an onstrut quantized Wilson loop operators. These opera-
tors are series in the Ka-Moody urrent, and have a well-dened ation on any highest weight
module for the given Ka-Moody algebra. In partiular, they will have a well-dened ation on
V−ρ and on the representatives of the ohomology in kerP .
The omputation of this ation is straightforward for maximally symmetri Wilson opera-
tors. The relevant Ka-Moody algebra is gˆk (reall that this is the Ka-Moody algebra generated
by the bosoni urrent J), and the Wilson operators are the quantum equivalent of the lassi-
al Wilson loops (3.15) with the matries Aa forming a representation of g. From the general
formula (3.16) giving the eigenvalue of Wµ on a Verma module of arbitrary highest weight η at
level k, we see that replaing η = −ρ, we get :
Wµ = dµ1V−ρ on V−ρ , (6.10)
where dµ is the dimension of the representation A of g of highest weight µ.
The symmetry breaking Wilson operator is assoiated with a subalgebra aˆκ generated by the
partial urrent J (see (4.9)). It ats by salar multipliation on the highest weight aˆκ-modules,
with eigenvalue given by (3.18). So we have to nd whih aˆκ-modules interset kerP , to nd
the ation on the representatives of the ohomology. A little algebra yields :
J i0 |RR, e〉 =
(
J i0 +
1
2
fiABψ
A
0 ψ
B
0
)
|RR, e〉
=

0− 1
2
∑
α∈∆+a
αi

 |RR, e〉 = −ρia|RR, e〉 ,
(6.11)
where ∆+a is the set of positive roots of a, and ρa its Weyl vetor. So all the states in kerP
belong to aˆκ-modules of highest weight −ρa. Using the formula (3.18) giving the spetrum of
the symmetry breaking Wilson operator W aτ , we get again :
W aτ = dτ1kerP on kerP ,
where dτ is the dimension of the representation of a used to build the Wilson loop.
Note that all of these eigenvalues are integers : it will be a ruial fat to ensure that the
harges are quantized.
7 The harges of sWZW boundary states
In this setion, we put the elements gathered in the last three setions together, and show
how to assoiate to a given supersymmetri boundary state a quantity invariant under the
generalized Kondo renormalization group ows. Then we ompute the harges of the various
branes onstruted in setion 4.
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7.1 The general presription
In the previous setion, we had to look for Ramond-Ramond test states in the bundle of modules
GV−ρ. Beause these modules are not part of the state spae of the sWZW model, we annot
diretly take a salar produt between the boundary state and a test state to ompute their
oupling. A presription is therefore needed to measure the harge of the boundary state.
Obviously, one should add to the boundary state |B〉 a omponent |B−ρ〉 in kerP , to get
a ompleted boundary state |B˜〉. The harge assoiated with the test state |RR, e〉 arried by
|B〉 will then be given by 〈B˜|RR, e〉.
To do this in a natural way, we rst solve the gluing onditions dening the boundary state
in eah of the bers of GV−ρ. In general, these gluing onditions annot be solved in an arbitrary
ber, but only in the bers above a submanifold M ⊂ G/H × G/H. What we would like to
do is to look for the omponent of the solution on the ohomology in eah ber, map it onto
kerP with φ(g,g′) (dened in (6.7)), and then average it over M . We do not know yet how to
do this preisely given arbitrary gluing onditions. However, this program an be realized for
the boundary states of setion 4.
We will see that these boundary states satisfy well-dened gluing onditions on ψ|h. This
property ensures that whenever we an solve the gluing onditions in some ber (m,m′)V−ρ,
(m,m′) ∈ M , the solutions determine a one-dimensional subspae of the ohomology of the
superharge. Moreover, solving the original gluing onditions and mapping them bak into
kerP is equivalent to solving eetive gluing onditions diretly in kerP , with automorphism
Ω(m,m
′) = adm′−1 ◦Ω ◦ adm. After showing that M is a disjoint union of onneted omponents
on whih the eetive automorphism is onstant, we will produe a formula performing an
average of the solutions on the nite set of onneted omponents. This xes a omponent of
the boundary state in kerP up to a normalization onstant c.
Finally, c an be determined5 by onsidering the ation of Wilson operators on the ompleted
boundary state. This gives a omponent |B−ρ〉 to the boundary state |B〉 on kerP .
This proedure is onsistent with the symmetries of the theory, in the sense that two bound-
ary states diering by a shift on the group manifold are assigned the same omponent |B−ρ〉,
so they arry the same harges. This would not be the ase if we restrited ourselves to a
partiular ber of GV−ρ. We will also hek later that the harges obtained in this way are
onsistent with the intuition one may get from geometrial onsiderations.
We will now elaborate on the steps ourring in the proedure desribed above and justify
our statements.
7.2 Solving the gluing onditions
Any supersymmetri boundary state satises a set of gluing onditions. Indeed, arbitrary or-
relators in the presene of this boundary ondition should be invariant under superonformal
transformations leaving the boundary xed. This requirement translates into the gluing ondi-
tions (4.2) and (4.3) imposed on the orresponding boundary state. For all the known boundary
states, however, the algebra preserved is muh larger than the superonformal algebra, and ad-
ditional gluing onditions are satised, as we notied in setion 4. Whenever the partition
5
A slight indeterminay is left, see the remarks in setion 7.10.
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funtion for open strings strething between a given brane |B〉 and a maximally symmetri
brane deomposes into haraters of a subalgebra sˆ ⊂ cˆ, |B〉 satisfy the gluing onditions :
(X − (−i)2hXΩ(X¯))|B〉 = 0 (7.1)
for every generator X of onformal dimension hX in sˆ. Here Ω is a map of cˆ into cˆ satisfying
the intertwining relation Ω([X,Y ]) = [Ω(X),Ω(Y )] for X,Y ∈ sˆ, but it does not neessarily
preserve sˆ, and it an send it to another isomorphi subalgebra of cˆ.
Aording to the presription formulated above, one should start by solving the gluing
onditions in GV−ρ, that is in eah of the bers (g, g′)V−ρ, with (g, g′) ∈ G/H ×G/H. By the
remark of setion 6.4, solving (7.1) in (g, g′)V−ρ is equivalent to solving :
(g−1Xg − (−i)2hXg′−1Ω(X¯)g′)|B〉 = 0
in V−ρ. After relabeling the subalgebra g−1sˆg → sˆ and the automorphism adg′−1 ◦Ω ◦ adg → Ω,
the gluing ondition an be rewritten in the same form as (7.1). So we an restrit our disussion
to solutions of (7.1) in V−ρ.
So onsider the hiral algebra cˆ of the sWZW model, equipped with the total grading grT
dened in setion 6.2. The subalgebras sˆ whih an our as symmetry algebras preserved by
boundary states are onformal vertex subalgebras of cˆ. Their generators are series of normal
ordered produts of generators of cˆ with well-dened grade. Therefore they deompose into
subalgebras of negative, null and positive grade : sˆ = sˆ− ⊕ sˆ0 ⊕ sˆ+.
We rst extrat a neessary ondition for (7.1) to have solutions. Any solution |B〉 to the
full set of gluing onditions restrits onto a solution |B〉b of the bosoni gluing onditions after
restrition on the even part (V−ρ)b. This even part is given by H−ρ ⊗H sˆo⊗ H¯−ρ ⊗H sˆo, where
H sˆo = H sˆos ⊕ H sˆos′ if d is even and by H sˆo = H sˆos if d is odd (see setion 3.1). It is well
known [62℄ that after reinterpreting H¯−ρ⊗H sˆo as the restrited dual of H−ρ⊗H sˆo, the solution
|B〉b beomes an operator B : H−ρ ⊗ H sˆo → H−ρ ⊗ H sˆo, and the bosoni gluing onditions
state that B intertwines the ation of sˆb and the ation of Ωsˆb, the exponent b denoting the
bosoni part. A neessary ondition for the existene of suh an intertwiner is that Ω maps the
generators of sˆb represented by pronilpotent operators in H−ρ⊗H sˆo onto elements represented
by pronilpotent operators. Pronilpotent means that for eah vetor in H−ρ ⊗ H sˆo, there is a
power of the pronilpotent operator sending it to zero. This is obviously the ase for all the
operators in c−, and never the ase for any operator in c+6. Therefore it is mandatory that :
Ω(sˆb−) ⊂ cˆ− and Ω(sˆb+) ⊂ cˆ+ . (7.2)
If this is not the ase, there is no solution of (7.1) in V−ρ. If this ondition is veried, we an
proeed.
The irreduible highest weight sˆ-modules appearing in the deomposition of cˆ-modules are
labeled by a set Ps. The modules for the subalgebra Ωsˆ are also lassied by Ps, beause sˆ and
Ωsˆ are isomorphi. One an dene an ation of Ω on Ps. Indeed, one an see eah irreduible
6
To be preise, this is true only for L0-grade zero operators, beause there is no null vetor at grade zero in
H−ρ. However, Ω always preserves the L0-grading, it is suient to onsider operators at L0-grade zero.
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highest weight Ωsˆ-module HΩsζ , ζ ∈ Ps, as a sˆ-module, by omposing the representation map
with Ω. HΩsζ equipped with the ation of sˆ is isomorphi to some irreduible highest weight
sˆ-module HsΩζ .
To solve the gluing ondition (7.1), V−ρ should be deomposed into irreduible highest
weight modules for sˆ⊕Ωsˆ, of the form Hsζ ⊗HΩsζ′ , and the gluing onditions (7.1) an be solved
in the summand Hsζ⊗HΩsζ′ if and only if Ωζ ′ = ζ. When this relation is satised, we an see HΩsζ′
equipped with the ation of sˆ as Hsζ . Choosing an orthonormal basis {vn} of Hsζ , the oherent
state
∑
n |vn〉 ⊗ |vn〉 solves (7.1). See [62℄, setion 2.1 for a detailed derivation.
Remark that one the polarization sˆ = sˆ− ⊕ sˆ0 ⊕ sˆ+ has been xed, the isomorphism
lass of an irreduible highest weight module Hsζ , is ompletely dened by the ation of the
operators generating sˆ0 on the grade zero subspae (H
s
ζ )0. Indeed, onsider the module M
s
ζ
freely generated from (Hsζ )0 by sˆ+, the subalgebra of operators of positive grade. H
s
ζ is obtained
by the quotient of Msζ by its maximal submodule, whih is generated by the ation of sˆ+ on all
the null vetors of Msζ . But the ondition that a vetor is null involves only the ation of sˆ0 on
(Hsζ )0. We see therefore that if the gluing onditions (7.1) for the elements of sˆ0 an be solved
on the highest weight subspae of Hsζ ⊗Hsζ′, we have ζ ′ = Ωζ and there exists a solution to the
whole set of gluing onditions.
As we eventually aim at taking a salar produt between |B〉−ρ and a test state |RR〉 ∈ kerP ,
we are only interested in the omponent of the solution of the gluing onditions on kerP . By the
disussion above, to nd this omponent it is suient to solve on kerP the gluing onditions
involving operators of total grade zero of sˆ (provided Ω satises (7.2), of ourse).
Let us now be more spei. Reall that all of the boundary state onstruted in setion
4 are spei instanes of twisted oset boundary states. It is instrutive to study the hiral
algebra they preserve : sˆ = aˆκ ⊕ fˆa⊕ cˆ/(aˆκ ⊕ fˆa). aˆκ is generated by the partial urrent J (4.9)
and fˆa by ψ|a. The oset algebra cˆ/(aˆκ ⊕ fˆa) is formed by all the normal-ordered produts of
operators of cˆ whih (anti)ommute with aˆκ⊕ fˆa. First, note that the full urrent J |a restrited
to a belongs to aˆκ ⊕ fˆa. Consider now the fermioni elds ψ|h⊥ assoiated with the orthogonal
omplement h⊥ of a in the Cartan subalgebra h of g. Obviously, ψ|h⊥ ommutes with any
fermioni eld assoiated to a, beause of orthogonality. It also ommutes with the full urrent
J |a, again beause of orthogonality. Therefore ψ|h⊥ belongs to cˆ/(aˆκ ⊕ fˆa). Finally, using the
same argument, we see that J |h⊥ ∈ cˆ/(aˆκ ⊕ fˆa). So J |h and ψ|h belong to the preserved hiral
algebra. Using the notation of the previous paragraph, we proved that sˆ0 = cˆ0 for generi
twisted oset boundary states.
The gluing onditions satised on this subspae are given by :
(ψj0 + iΩ(ψ¯
j
0))|B〉 = 0 ,
(J j0 +Ω(J¯
j
0 ))|B〉 = 0 ,
(7.3)
where j is an index running on the Cartan subalgebra of g and Ω is the produt of an auto-
morphism of g and an automorphism of a. As it preserves the Killing form, it is an orthogonal
transformation of g. In general it does not preserve the Lie braket, however.
We an now derive another neessary ondition for the existene of a solution to the gluing
onditions. By denition, Ω preserves the L0-grading, and also preserves the real form of the
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Ka-Moody algebra gˆ. Remark that the only real grade zero generators with a nontrivial kernel
in V−ρ are J
j
0 , the generators of the Cartan subalgebra, whih vanish on kerP . The other real
generators of grade zero have a trivial kernel in V−ρ (they are basially sums of positive and
negative ladder operators). Therefore the set {J j0} is neessarily preserved by the intertwining
map B, so Ω has to preserve the Cartan subalgebra of g.
The neessary ondition (7.2) applied to oset elds fores Ω to preserve the whole triangu-
lar deomposition of g, and not only the Cartan subalgebra. This fat an be seen as follows.
Consider the oset generators with non-trivial g-weights and zero L0-grade. As the oset gen-
erators are normal ordered produts of generators of cˆ, their weights belong to the root lattie
of g. (They are also neessarily orthogonal to the weight spae of a, else it would be impossible
for suh operators to ommute with the Cartan generators of a.) Any operator of this type
whih weight is not a linear ombination of the simple roots with negative integer oeients
is neessarily pronilpotent. The fat that suh operators have to be mapped among themselves
by Ω fores the latter to preserve the triangular deomposition of g.
To summarize, the gluing onditions are solvable in the ber above (m,m′) only if adm′−1 ◦
Ω◦adm preserves the triangular deomposition of g. Remark that the gluing onditions imposed
on the bosoni elds are trivial when we onsider them in kerP , beause the full urrents in
the Cartan subalgebra vanishes there. So the omponent of the solution in kerP is determined
by the gluing ondition on the fermioni zero modes.
If Ω is an involution, these fermioni gluing onditions fore the omponent of the solution
to (7.3) in kerP to be (up to normalization) :
|RR, e(m,m′)〉 = | − ρ〉 ⊗ σ|eΩen+〉 = |RR, eΩ〉 ,
where we hose a basis {hj} of h whih diagonalizes Ω and dened the volume form eΩ on the
eigenspae of eigenvalue −1 : eΩ =
∧
j|Ω(hj)=−hj h
j
.
In general, we have to hoose a lift Ω˜ of Ω ∈ O(r) into Pin+(r), where r is the rank of g
and we see Ω as an orthogonal transformation of the Cartan subalgebra. Suh an element of
Pin+(r) an be expressed as a polynomial in the fermioni antiholomorphi generators {ψ¯j0}.
By denition, Ω˜ satises Ω(ψ¯j0) = α(Ω˜)ψ¯
j
0Ω˜
−1
, where α is the involution ad(−1)F¯ . (α multiplies
odd Cliord elements by −1 and leaves invariant even elements). The solution to the gluing
onditions (7.3) therefore reads :
|RR, e(m,m′)〉 = Ω˜|RR, 1〉 .
Let us remark that in the ase of interest to us sˆ = aˆκ ⊕ fˆa⊕ cˆ/(aˆκ ⊕ fˆa), whenever we an
solve the gluing onditions, the solution determines a one-dimensional subspae of kerP .
7.3 Averaging
We desribe now how to average over M the omponent of the solution on the ohomology. We
must rst study the struture of the manifold M . In the previous setion, we dened M as the
set points (g, g′) ∈ G/H × G/H suh that Ω(g,g′) := adg′−1 ◦ Ω ◦ adg preserves the triangular
deomposition of g.
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Consider the subalgebra a whih Lie braket is preserved by Ω, and its orresponding Lie
group A ⊂ G. Ω maps a on another subalgebra aΩ ⊂ g, isomorphi to a. After exponentiation,
Ω an be seen as a group isomorphism from A to AΩ := exp aΩ. Note however that usually this
map does not extend naturally to a map from G to G. Consider now pairs of elements (a,Ωa),
a ∈ A, and Ω(a,Ωa) = ad(Ωa)−1 ◦ Ω ◦ ada. Ω(a,Ωa) oinides with Ω on sˆ. Indeed, if we write
a = ex, x ∈ a, then Ωa = expΩx and we have for a generi X ∈ sˆ :
Ω(a,Ωa)(X) = e−ΩxΩ(exXe−x)eΩx = Ω(X) . (7.4)
If X is a oset eld, the last equality is true beause X ommutes with ex and Ω(X) ommutes
with eΩx. If X is a eld in aˆ ⊕ fˆa, then Ω satises the intertwining property Ω(exXe−x) =
eΩxΩ(X)e−Ωx, so (7.4) is true as well. This shows that for any (m,m′) ∈M , (am,Ωam′) ∈M .
Moreover, the images in kerP of the solutions to the gluing onditions above these two points
are the same, beause the eetive automorphism in V−ρ is the same.
Let us now x an arbitrary point (m,m′) ∈ M , so that Ω(m,m′) preserves the triangular
deomposition of g. Another lass of solutions are provided by pairs of elements (w,w′) of the
Weyl group of g suh that w′−1 ◦ Ω(m,m′) ◦ w still preserves the triangular deomposition of g.
Suh a pair (w,w′) an be written as (adgw , adgw′ ) with gw, gw′ ∈ G, so (mgw,m′gw′) ∈ M .
Let us all W the set of pairs (w,w′) satisfying the ondition above, modulo the left ation of
elements of the form (adm−1am, adm′−1(Ωa)m′).
We see that M ontains a submanifold of the form
⊔
iMi, where eah of the Mi is generated
from a point (m,m′) by the left ation of the elements (a,Ωa), and the Mi's are the images of
M0 ∋ (m,m′) under the right ation of (gw, gw′), (w,w′) ∈ W. It seems that this exhausts all
of the solutions to the gluing onditions, so that M =
⊔
iMi, but we do not have a proof of
this statement.
Suppose that M =
⊔
iMi as desribed above. Then W parametrizes the omponents Mi
of M . We saw that the automorphisms assoiated to points in a given omponent Mi of M
oinide. The orresponding gluing onditions have therefore the same line of solutions in kerP
and we should be able to redue the average to a sum over the onneted omponents Mi. This
an be done as follows.
Any element w of the Weyl group an be seen as an orthogonal transformation of h. The
transformation ǫ(w)w has determinant 1 for any Weyl group element w. Hene it an be lifted
to an element w˜ of Pin. Pairs of suh Pin elements naturally at on kerP by :
(w˜, w˜′) · |RR, e〉 = w˜′−1
ψ¯
w˜−1ψ |RR, e〉 = (−1)ǫ(w)|Ω|w˜′−1ψ¯ Ω˜ w˜ψ¯|RR, 1〉 , (7.5)
where w˜ψ is the Cliord element w˜ expressed in term of the Cliord generators {ψi0}. We also
expressed |RR, e〉 as Ω˜|RR, 1〉 for Ω˜ some polynomial in {ψ¯i0} .
As w˜′−1
ψ¯
Ω˜w˜ψ¯ is a lift into Pin of w
′−1◦Ω◦w, w˜′−1
ψ¯
Ω˜w˜ψ¯|RR, 1〉 solves the gluing onditions for
Ω(mgw,m
′gw′ )
if and only if Ω˜|RR, 1〉 solves the gluing onditions for Ω(m,m′). We an therefore
dene the harge of the boundary state as :
c|B−ρ〉 =
∑
(w,w′)∈W
(−1)ǫ(w)|Ω|w˜′−1
ψ¯
Ω˜ w˜ψ¯|RR, 1〉 , (7.6)
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where Ω˜|RR, 1〉 solves the gluing onditions for Ω(m,m′). If eah lass in W does ontain a
diagonal element (w,w), w ∈W , then (7.6) oinides with the simpler formula :
c|B−ρ〉 =
∑
(w,w)∈W
|RR,w(e)〉 , (7.7)
where |RR, e〉 solves the gluing onditions for Ω(m,m′) and w(e) denotes the ation of the Weyl
group on h extended on
∧
h.
The subspae dened by (7.6) and (7.7) is invariant upon a left shift by gL and a right shift
by gR on the group manifold. Indeed, upon suh a transformation, Ω 7→ adgR ◦ Ω ◦ adgL−1 , so
that M is shifted in G/H × G/H and W is invariant. This feature is ruial to ensure that
the harges are invariant under the truly marginal boundary RG ows orresponding to these
transformations.
Remark that (7.6) is ambiguous. Indeed, c|B−ρ〉 depends on the hoie of the lifts w˜ and w˜′
into Pin of the Weyl group elements w and w′. In most of the examples, we will be able to use
(7.7). In the other examples, namely the D-branes of SU(4) whih are twisted by the produt
of an automorphism of a subalgebra and an outer automorphism of SU(4), the natural hoie
of the lifts produes a physially sensible answer, but we were not able to dene a anonial
hoie that would make (7.6) ompletely well-dened.
7.4 Normalization and periodiity
It still remains to x the normalization of the element |B−ρ〉 ∈ kerP obtained. Let {|Bm〉},
m ∈ I be the set of elementary boundary states satisfying the same gluing onditions as our
boundary state |B〉, for I a set indexing the elementary boundary states (for instane in the
ase of maximally symmetri boundary states, Ω = 1 and I = P+k ×{t, f}, the set of integrable
highest weight of gˆk times the two weights t and f of sˆo(d)1 assoiated with boundary states
preserving the superharge D−).
The ompleted boundary states read |B˜m〉 = |Bm〉+ qm|B−ρ〉, where qm are a set of a priori
arbitrary real numbers. Now the ation of Wilson operators on boundary states an be used
to onstrain the numbers qm. Indeed, we saw that Wilson operators have a well dened ation
(6.10) in V−ρ. We also saw that they at on boundary states : whenever |B〉 is a onsistent
boundary state, |B′〉 = W gµ |B〉 is also a onsistent boundary state. Demanding this property
to be preserved when Wilson operators at on ompleted boundary states |B˜〉 = |B〉+ qB|B−ρ〉
and |B˜′〉 = |B′〉 + qB′ |B−ρ〉 yields qB′ = dµqB. These relations an be used to express all of
the qm in term of one of them. The value of the remaining free parameter is arbitrary and
has no physial meaning
7
. Note that the harges of all the branes preserving the given gluing
onditions are integer linear ombinations of the harges of the elementary boundary states, so
the numbers q an be hosen to be all integers.
There is an extra subtlety that will aount for the periodiity of the harges. Reall from
setion 3.2 that we dened an equivalene relation on Wilson operators suh that two Wilson
7
Indeed, the Ramond-Ramond test states do not exist as physial states. Their ouplings to D-branes have
a meaning only as invariants of the renormalization group ows, and not as an interation that ould be tested
with a physial probe. As the Kondo ows send staks of branes onto staks of branes, only ratios of harges
are relevant.
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operators are in the same equivalene lass if and only if they have an idential ation on the
physial state spae H. In partiular, we had [W gµ ] = [ǫ(w)W gw(µ)] where w is an element of the
ane Weyl group of gˆk and ǫ(w) its sign. As these two operators produe the same boundary
state when applied to |B〉, we see that the ompleted boundary states should be identied as :
W gµ|B˜〉 ∼ ǫ(w)W gw(µ)|B˜〉
⇒W gµ|B〉+ dµqB|B−ρ〉 ∼W gµ |B〉+ ǫ(w)dw(µ)qB|B−ρ〉 .
Hene the the harges should be identied aording to :
dµqB ∼ ǫ(w)dw(µ)qB , (7.8)
whih means that only the lass of qB modulo an integer M is unambiguous and well-dened.
As the lasses of maximally symmetri Wilson operators form an algebra isomorphi to the
fusion ring of gˆk (3.17), (7.8) is atually equivalent to :
dλdµ = N νλµdν mod M . (7.9)
This equation is exatly the one onsidered in [21, 23℄. Therefore the periodiity M of the
harge oinides with the one expeted from K-theory omputations [19℄. M is an integer
whih depends both on the level k and on the Lie algebra g. But as Wilson operators at on
every boundary state, (7.9) holds independently of whih boundary state we are onsidering,
so the integer M is the same for all of the types of harges. Note that (7.8) for µ = 0 was also
used in [20, 46℄ to ompute M .
We see now that |B〉 arries qB mod M units of the harge assoiated to the element |B−ρ〉,
while the other (orthogonal) possible harges of |B〉 vanish. In partiular, the harges are
quantized.
7.5 Invariane under the generalized Kondo ows
We also immediately see that the harges dened in this way are the same between the UV
and IR xed points of the generalized Kondo ows disussed in setion 5. Indeed, if the initial
D-brane of the ow is a stak of n D-branes with boundary state |B〉, then the IR xed point of
the ow is given by the ation of the Wilson loop operatorW aτ , where τ labels the n-dimensional
representation of a used in the perturbation (3.14) : n|B〉 7→W aτ |B〉.
The Wilson operators ommute with both J |h and ψ|h, so neither the ation of these op-
erators nor the generalized Kondo ows modify the gluing onditions (7.3). Moreover, for the
ompleted boundary states, we have :
n(|B〉+ |B−ρ〉) 7→W aτ (|B〉+ |B−ρ〉) = W aτ |B〉+ n|B−ρ〉 ,
so the harge of W aτ |B〉 is the same as the harge of the stak n|B〉.
Note also that a lass of ows whih are not of the Kondo type was unovered in [63℄. These
ows link the following twisted D-brane ongurations :
dµ˙|BΩ, 0˙, x〉 → |BΩ, µ˙, x〉
Our harges are also invariant under these ows, beause the harges of the states |BΩ, µ˙, x〉
are proportional to dµ˙ (see setion 7.8).
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7.6 Maximally symmetri D-branes
Now we measure the harges of the supersymmetri boundary states onstruted in setion 4.
We start with the maximally symmetri D-branes. Let us reall that the maximally symmetri
boundary states preserving the superharge D− satisfy the following gluing onditions :
(ψar + iψ¯
a−r)|B〉 = 0 ,
(Jan + J¯
a−n)|B〉 = 0 .
(7.10)
Consider these equations in (g, g′)V−ρ. The seond ondition simply states that the operator
B should intertwine the ation of gˆ in gH−ρ and g′H−ρ. Of ourse, this is possible only if
gH = g′H. Therefore, it is possible to solve these gluing onditions only in the bers above the
diagonal M = G/H ⊂ G/H ×G/H. The equations (7.10) in (g, g)V−ρ are equivalent to :
(g−1ψar g + ig−1ψ¯a−rg)|B〉 = 0 ,
(g−1Jang + g−1J¯a−ng)|B〉 = 0 .
(7.11)
in V−ρ. But the system (7.11) is equivalent to (7.10). The solution in kerP to these gluing
onditions is |RR, 1〉 and this solution is onstant over M . Therefore, maximally symmetri
boundary states arry a harge along |RR, 1〉. We learn that |RR, 1〉 is the Ramond-Ramond
test state probing the so-alled D0-brane harge.
Remark that if we had rather onsidered maximally symmetri boundary states shifted on
the group by an element gˆ ∈ G, whih satisfy :
(ψar + igˆψ¯
a−rgˆ−1)|B〉 = 0 ,
(Jan + gˆJ¯
a−ngˆ−1)|B〉 = 0 .
then we would have been able to solve the gluing onditions in all of the bers above M ′ =
{(g, g′) ∈ G/H × G/H |g′ = gˆg}. The image in kerP of the omponent of solution on the
ohomology would still be |RR, 1〉, beause of the intertwining property of the map φF . This is
equally true for any type of boundary states : our presription assigns idential harges to D-
branes diering by a mere shift on the group manifold. This is what we expet from invariants of
the boundary renormalization group ows, as shifted branes are linked by marginal deformations
of the open string CFT.
To determine the harges, reall that the maximally symmetri boundary states an be
expressed as :
|B,µ, x〉 = W gµW sox |B, 0, t〉 . (7.12)
Let us omplete |B, 0, t〉 as follows : |B˜, 0, t〉 = |B, 0, t〉+ |RR, 1〉. As we mentioned previously,
the global normalization of the harges is not physially relevant, and an be xed so that all
the harges are integers. Then from (7.12), we obtain :
|B˜, µ, x〉 = W gµW sox |B˜, 0, t〉 = |B,µ, x〉 ± dµ|RR, 1〉 ,
where the sign is + when x = t and − when x = f . Indeed, W sof ats by −1 in the whole
Ramond-Ramond setor. The harges are then :
〈B˜, µ, x|RR, e〉 =
{ ±dµ mod M if e = 1
0 mod M if e ⊥ 1 .
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Therefore we get exatly the results expeted from [21℄. The fat that one gets the opposite
harge for boundary states diering only by the label x onrms that these states form brane-
antibrane pairs.
7.7 Coset D-branes
The gluing onditions satised by oset boundary state are given by :
(ψAr + iψ¯
A−r)|B〉 = 0 ,
(JAn + J¯
A−n)|B〉 = 0 . (7.13)
where A is an index running on a basis of the subalgebra a, and :
(X − (−i)2hX X¯)|B〉 = 0 (7.14)
for eah of the elds X in the oset vertex algebra (hX is the onformal dimension of X).
We are interested in solving these gluing onditions in (g, g′)V−ρ, and this is equivalent
solving in V−ρ the gluing onditions where the holomorphi elds have been onjugated with
g−1 and the antiholomorphi elds by g′−1. Choosing now the index A to run over a basis of
the subalgebra g−1ag, we get from (7.13) :
(ψAr + ig
′−1gψ¯A−rg−1g′)|B〉 = 0
(JAn + g
′−1gJ¯A−ng−1g′)|B〉 = 0 ,
(7.15)
and :
(X − (−i)2hX g′−1gX¯g−1g′)|B〉 = 0 . (7.16)
The gluing onditions on the operators of total grade zero are given by :
(ψj0 + ig
′−1gψ¯j0g
−1g′)|B〉 = 0 ,
(J j0 + g
′−1gJ¯ j0g
−1g′)|B〉 = 0 . (7.17)
Aording to the disussion after equation (7.3), suh gluing onditions an be solved on kerP
only if the automorphism adg′−1g preserves the Cartan subalgebra of g, as well as the positive
and negative root spaes. This fores g′H = gH, so M is again given by the diagonal G/H ⊂
G/H × G/H. The gluing onditions on the total grade zero subspae are the same as for
maximally symmetri boundary states, so the solution on kerP is |RR, 1〉 for eah m ∈ M .
Note however that the full solution to the gluing onditions is not onstant, only its omponent
on kerP is. So the oset states arry the same type of harge as the maximally symmetri ones,
the D0-brane harge.
The oset D-branes an be obtained by the ation of symmetry breaking Wilson operators
on the maximally symmetri boundary states, aording to (4.11) :
|B
oset
, µ, x, σ〉 = W aσW gµW sox |B, 0, t〉 .
So, keeping the onvention |B˜, 0, t, 0〉 = |B, 0, t, 0〉+|RR, 1〉 adopted in the maximally symmetri
ase, the ompleted boundary state reads :
|B˜
oset
, µ, x, σ〉 = |B
oset
, µ, x, σ〉 ± dσdµ|RR, 1〉 ,
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where again, the sign depends on x. The harges of oset states are then given by :
〈B˜
oset
, µ, x, σ|RR, e〉 =
{ ±dσdµ mod M if e = 1
0 mod M if e ⊥ 1 .
7.8 Twisted D-branes
To nd the harge of the twisted supersymmetri boundary states, we should solve the gluing
onditions (4.7) and (4.8) in (g, g′)V−ρ, whih amounts to solving :
(g−1Jang + g′−1Ω(J¯a−n)g′)|B〉 = 0 ,
(g−1ψang + ig′−1Ω(ψ¯a−n)g′)|B〉 = 0
(7.18)
in V−ρ, where Ω is an outer automorphism of g. Any suh outer automorphism of g is onjugate
to the automorphism ΩD oming from the symmetry of the Dynkin diagram of g : Ω = adg˜◦ΩD.
Reall also that Ω an be lifted to an automorphism of G, and that we have adg ◦Ω = Ω ◦ adΩg
as operators on g. The system (7.18) an then be rewritten :
(Jan + gˆΩD(J¯
a−n)gˆ−1)|B〉 = 0 ,
(ψan + igˆΩD(ψ¯
a−n)gˆ−1)|B〉 = 0 ,
(7.19)
where gˆ = g′−1(Ωg)g˜. As ΩD preserves the total grading, adgˆ should also preserve it, so
g′H = (Ωg)g˜−1H. M is therefore the twisted diagonal in G/H×G/H dened by the previous
equation. Again, the solution to the gluing onditions is onstant on this diagonal, and we have :
|B−ρ〉|kerP = |RR, eΩD〉 ,
where eΩD =
∏
ej |ΩDej=−ej e
j
, for a suitable basis {ej} of the Cartan subalgebra diagonalizing
ΩD. In partiular, we see that branes twisted by distint onjugated outer automorphisms arry
the same harge.
In general, we annot express every twisted boundary state from one of them using Wilson
operators, as was done in the maximally symmetri ase (7.12). However, the ation of Wilson
operators satises :
W gλ |BΩ, µ˙, x〉 =
∑
ν˙∈P+Ω,k
NΩ ν˙λµ˙ |BΩ, ν˙, x〉 ,
where NΩ ν˙λµ˙ are fusion rules for twisted representations [44℄. As these relations must still hold
after the ompletion of boundary states, we should have :
dλqµ˙ =
∑
ν˙∈P+Ω,k
NΩ ν˙λµ˙ qν˙ . (7.20)
It was shown in [24℄ that a solution qµ˙ valued in Z/MZ to these equations is provided by qµ˙ = dµ˙
mod M . dµ˙ denotes dimension of the grade zero subspae of the Ω-twisted representation of gˆk
labeled by µ˙. This grade zero subspae is a representation of the nite Lie subalgebra of g left
xed by Ω.
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We learn that the harges of Ω-twisted boundary states are given by :
〈B˜Ω, µ˙, x|RR, e〉 =
{ ±dµ˙ mod M if e = eΩD
0 mod M if e ⊥ eΩD .
Again, the ± sign depends on the label x. We remark that as 〈RR, eΩD |RR, 1〉 = 0, the twisted
D-branes do not arry any D0-brane harge.
7.9 Twisted oset D-branes
The twisted oset states break the symmetry algebra down to aˆκ ⊕ fˆa ⊕ cˆ/(aˆκ ⊕ fˆa), and the
twist Ω˜ = ΩaΩ is a produt of an automorphism Ω of cˆ and an automorphism Ωa of aˆκ ⊕ fˆa,
extended trivially on the oset elds.
This ase is muh more ompliated than the three previous ones. Exept for the general
priniples desribed in setion 7.3, we do not know any method other than ase by ase inspe-
tion to identify the manifold M and ompute |B−ρ〉. We will study boundary states of this type
in detail below, in the ase of G = SU(4). For now, we suppose that we obtained a omponent :
|B−ρ〉 = |RR, eΩ˜〉 ,
by solving the gluing onditions in GV−ρ and averaging the solutions over M .
Like for twisted states, it is in general not possible to express every twisted oset boundary
state from one of them by the ation of Wilson operators. However, from the expliit expressions
of the twisted boundary states [47℄, we have the relations :
W gλ |BΩ˜, µ˙, σ˙, x〉 =
∑
ν˙∈P+Ω,k
NΩ ν˙λµ˙ |BΩ˜, ν˙, σ˙, x〉 ,
W aτ |BΩ˜, µ˙, σ˙, x〉 =
∑
υ˙∈P+
Ωa ,κ
NΩa υ˙τ σ˙ |BΩ˜, µ˙, υ˙, x〉 ,
where P+Ωa ,κ labels the Ω
a
-twisted representations of aˆκ and NΩa υ˙τ σ˙ are the orresponding twisted
fusion rules. Imposing the same equations on the ompleted boundary states yields onstraints
on the harges, whih are solved in the same way as for twisted states.
The harges of the twisted oset boundary states are therefore given by :
〈BΩ˜, µ˙, σ˙, x|RR, e〉 =
{ ±dµ˙dσ˙ mod M if e = eΩ˜
0 mod M if e ⊥ eΩ˜ .
As always, the ± sign depends on the label x, and dµ˙ and dσ˙ are the dimensions of the repre-
sentations of the subalgebras of g and a left xed by Ω and Ωa, respetively.
7.10 Some remarks
• As tehnialities may have obsured our point, let us state it again. We found the most
general set of massless states in the Ramond-Ramond setor, and remarked that these
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states live in a ontinuous family of modules that an be tied together into a bundle over
G/H ×G/H. As this setor does not belong to the physial spetrum of the theory, we
were fored to add to the boundary states a omponent in this setor. The most natural
way of doing so is to solve the gluing onditions dening the boundary state in this virtual
setor. Beause we have not a single module, but a family of them, and that there is no
reason to distinguish one of them from the others, we had to nd all of the solutions to the
gluing onditions, and average them. This determined a omponent on the ohomology
for eah boundary state. To x the relative normalization of this omponent, we used
the ation of Wilson operators. The harges are then given by the overlaps between the
ompleted boundary states and the test states.
• Note that the eigenvalues of Wilson operators on highest weight gˆk-modules are given by
an analyti funtion (3.16) on the spae of weights. Therefore, using Wilson operators
to x the normalization of the boundary state in the virtual setor an be seen as the
appropriate ontinuation of the omponents of the boundary state from the physial setor
of the theory to V−ρ. This ontinuation is not unique, and the ambiguity indues the
periodiity of the harges.
• Our analysis of the solutions to the gluing onditions in GV−ρ is not ompletely rigorous.
We are not ertain that the disjoint union ⊔iMi desribed in setion 7.3 ontains all ofM .
Moreover, for some types of boundary states, the averaging proedure may ontain am-
biguities. While these questions denitely deserve further study, the omplete agreement
with geometry that we will nd in setion 9 seems to support our analysis.
• This proedure may not sueed when applied to hypothetial elementary boundary states
that would not satisfy well-dened gluing onditions involving ψ0|h. Indeed, given a set of
gluing onditions (7.3), the element of kerP solving them is uniquely determined, up to
normalization. This normalization is then xed by the ation of Wilson operators. Now
if a boundary state did not satisfy gluing onditions of the type of (7.3), there ould exist
several linearly independent solutions to its gluing onditions with a non-trivial omponent
on kerP . Then the ation of the Wilson operators would learly not be suient to x the
harge of this boundary state. Supersymmetri versions of the boundary states reently
onstruted in [64℄ may have this property.
• Remark an interesting oinidene. Massless Ramond-Ramond states and a non-trivial
ohomology of the superharge appear only in the module V−ρ. But it is also in this
module only that the eigenvalue of the Wilson operator does not get renormalized by the
generalized Kondo ow dτ1 7→ W aτ . This ruial fat ensures that the harges we on-
struted are invariant under the Kondo ows. Note also that the states in the ohomology
are supersymmetri with respet to both G0 and G¯0, so this phenomenon looks like one
more instane of the general fat that supersymmetri quantities are often proteted from
renormalization. It may be interesting to understand it better from the point of view of
representation theory.
• The equations (3.17) (7.8) (7.9) (7.20) obtained from the ation of Wilson operators to
determine the normalization of the harges of a set of elementary boundary states are
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similar to the ones appearing in the earlier works [21, 20, 46, 23, 24℄, and we used the
results of these authors to solve them. But we would like to point out here a fundamental
dierene in the way they were derived. In all the papers above, the struture of the
ows or the ation of marginal deformations of the WZW model was used to derive
onstraints on the harges, and these onstraints took the form of the equations above.
Here, we were fored to onsider the ation of Wilson operators as the only sensible way
of xing the normalization of the omponent of the ompleted boundary state in kerP .
We did not make any assumption on the struture of the renormalization group ows.
The quantization of the harges and their invariane under the RG ows is a onsequene
of our proedure, rather than a postulate.
• Atually, exept in some spei ases, these equations do not allow to determine om-
pletely the harge of the boundary states. Indeed, given a boundary state, they determine
an element in the appropriate Z/MZ fator, but only up to automorphisms of this yli
group. This means that the harges assigned to members of a given family of state linked
by Kondo ows are determined only up to automorphisms of Z/MZ. As long as we
work with a single family, this is irrelevant, but when we onsider two distint families of
boundary states whih arry harges in the same fator Z/MZ, then this indeterminay
is relevant. Given two boundary states belonging to distint Kondo families but arrying
harges in the same Z/MZ fator, we annot ompare their harges. This onstitutes a
shortoming of our onstrution.
• We saw that the ohomology of the superharge leads to 2r independent harges. However,
in all the examples we will onstrut (see the next setion), the boundary states ouple
only to 2r−1 of them. Indeed, the known boundary states ouple only to test states |RR, e〉,
with e ∈ ∧(h/Chρ), where hρ is the generator in the Cartan subalgebra assoiated to the
Weyl vetor of g. The fat that D-branes annot ouple to elements in
∧
(h/Chρ) ∧ hρ
will be onrmed by the geometri analysis of the harges to be undertaken in setion 9.
Basially, a brane oupling to suh a state would wrap non-trivially the homology lass
of the 3-sphere in the Lie group, whih is impossible beause there is a non-trivial NS-NS
ux through this yle.
The set of possible harges for the boundary state is therefore given by :
(Z/MZ)(2
r−1) .
This group oinides with the twisted K-theory of the target spae Lie group G [19℄. This
onrms the intimate link between twisted K-theory, invariants of the renormalization
group ows and (a generalization of ) Ramond-Ramond harges. We have not found yet
a diret interpretation of our algebrai onstrution in term of K-theory, though.
8 Examples
We now turn to some examples. We are mostly interested in determining what type of harges
eah of the Kondo families of boundary states arry. The magnitude of the harge of eah state
in a family is determined (up to an automorphism of Z/MZ) as desribed in setions 7.6 to 7.9.
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8.1 SU(2)
There are only two families of boundary states in our lassiation that an be realized in
SU(2). The rst are the maximally symmetri boundary states, and we already know that they
arry a harge along |RR, 1〉.
Another type of boundary states, the B-type branes, were onstruted in [46℄, using what
an now be identied as a twisted oset onstrution. The subalgebra a is a u(1) sitting in
su(2), and the automorphism is the sign reversal on u(1) ≃ R. Choosing e3 as the generator
of u(1), the gluing onditions on the grade zero subspae of the preserved algebra satised by
suh states are therefore :
(J30 − J¯30 )|B〉 = 0 , (ψ30 − iψ¯30)|B〉 = 0 ,
as well as gluing onditions on the oset elds (whih in this ase form the vertex algebra of
parafermions). These gluing onditions an be solved in V−ρ, and the orresponding element
in kerP is |RR, e3〉. Aording to the results of setion 7.3, one should also onsider gluing
onditions of the form :
(g−1J30g − g′−1J¯30 g′)|B〉 = 0 , (g−1ψ30g − ig′−1ψ¯30g′)|B〉 = 0
in V−ρ. They an also be solved for g = g′ = gˆ, suh that adgˆ is the unique nontrivial element
w in the Weyl group. The orresponding element of kerP is |RR,we3〉 = −|RR, e3〉. Other
ouples (g, g′) do not preserve the triangular deomposition of g.
The harge therefore vanishes, aording to the expetations of [46℄. Remark that the test
state |RR, e3〉 assoiated with the Weyl vetor of su(2) does not seem to ouple to any boundary
state.
8.2 SU(3)
In SU(3), we have the maximally symmetri boundary states whih arry D0-brane harge
along |RR, 1〉, but also boundary states twisted with respet to an outer automorphism Ω of
SU(3). We are free to hoose any outer automorphism, beause they dier from eah other
by onjugations by elements of SU(3). So let us pik Ω to be the automorphism generated by
the symmetry of the Dynkin diagram of su(3), whih preserves the triangular deomposition.
Aording to the derivation above, twisted states arry a harge along the element of the exterior
algebra
∧
h orresponding to the volume form of the eigenspae of eigenvalue −1 of Ω. This
eigenspae is one-dimensional, given by the dierene of the two simple roots α1 and α2, so the
twisted states arry a harge |RR,hα1−α2〉, where hλ is the element of h dual to λ ∈ h∗.
Note again that the test states in the subspae generated by the elements hρ and hρ∧hα1−α2
of
∧
h do not ouple to any known boundary state (ρ = α1 + α2 in su(3)).
8.3 SU(4)
We have again maximally symmetri boundary states whih arry a harge along |RR, 1〉, and
twisted states whih arry a harge along |RR,hα1−α3〉. (The outer automorphism of SU(4)
indued from the symmetry of the Dynkin diagram exhanges the simple roots α1 and α3.) Let
us now examine some twisted oset boundary states.
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Twisted oset states from the embedding of SU(3)
In [28℄, the authors onstruted
8
twisted oset boundary states assoiated with the embedding
SU(3) ⊂ SU(4), and onjetured that they should arry all the possible K-theory harges of
SU(4).
So let us follow [28℄ and onsider the omplex onjugation automorphism ΩC3 of SU(3),
extended trivially on the oset elds. It does not preserve the triangular deomposition of SU(4),
but it an be expressed as adgˆ ◦ ΩD3, where ΩD3 oinides on SU(3) with the automorphism
generated by the symmetry of the Dynkin diagram of SU(3). gˆ is given expliitly by :
gˆ =


0 0 1 0
0 −1 0 0
1 0 0 0
0 0 0 1

 . (8.1)
ΩD3 preserves the triangular deomposition and ats trivially on the oset elds. Therefore
the gluing onditions an be solved in (1, gˆ)V−ρ, and using our result for SU(3), we see that
the resulting element of the ohomology is |RR,hα1−α2〉. Aording to setion 7.3, we an also
solve the gluing onditions in (a,ΩC3(a)gˆ), a ∈ SU(3), and these elements onstitute M0. One
an hek that the image in kerP of the solution to the gluing onditions is onstant over M0.
There are also some Mi, i > 0. To identify them, one should look for pairs of elements (wi, w
′
i)
of the Weyl group of su(4) suh that w′i ◦ ΩD ◦ w−1i preserves the triangular deomposition of
su(4). We should also identify pairs whih dier from eah other by the left ation of an element
of the twisted diagonal (a,ΩC3(a)), a ∈ SU(3), beause eah of them map M0 onto the same
Mi. Expliit numerial omputations with the Weyl group of SU(4) exhibit eight suh lasses.
Representatives an be taken to be all of the form (w,w), and are given expliitly by :
w Ation on (α1, α2)
id : (α1, α2) 7→ (α1, α2)
rα3 : (α1, α2) 7→ (α1, α2 + α3)
rα1 ◦ rα2 ◦ rα3 : (α1, α2) 7→ (α2, α3)
rα2 ◦ rα3 : (α1, α2) 7→ (α1 + α2, α3)
, (8.2)
where rαi is the reexion with respet to the plane orthogonal to αi. The harge is therefore
given by :
|B−ρ〉 ∼ |RR,hα1−α2 + hα1−α2−α3 + hα2−α3 + hα1+α2−α3〉 ∼ |RR,hα1−α3〉 ,
so these boundary states arry the same harge as the boundary states twisted by the outer
automorphism of SU(4). This already rules out the onjeture of [28℄, aording to whih all
the possible K-theory harges an be realized by suh boundary states. We will see in the next
setion that this result ould have been guessed from purely geometri onsiderations.
The remaining family of boundary states appearing in the onstrution of [28℄ are states
twisted by the omposition of the omplex onjugation automorphism ΩC4 of SU(4) with the
8
We speialize here their onstrution in SU(n) to the ase of SU(4).
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omplex onjugation automorphism ΩC3 of SU(3) ⊂ SU(4). This produt of automorphism
does not preserve the triangular deomposition of g, so the orresponding gluing onditions
annot be solved in V−ρ. Aording to the priniples exposed in setion 7, it is possible to solve
them in another ber (g, g′)V−ρ of GV−ρ only if adg′−1 ◦ΩC4 ◦ΩC3 ◦adg preserves the triangular
deomposition. This happens for g = gˆ, g′ = gˆ′ for gˆ given by (8.1) and :
gˆ′ =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 . (8.3)
beause we then have adgˆ′−1 ◦ ΩC4 = ΩD4 and ΩC3 ◦ adgˆ = ΩD3, where ΩD4 and ΩD3 are the
automorphisms of su(4) and su(3) generated by the Dynkin diagram symmetries. So we an
solve the gluing onditions in (gˆ, gˆ′)V−ρ. The pairs of Weyl group elements are now of the form
(w,ΩD4w), with w any element in the list (8.2). To express the orresponding solutions to the
gluing onditions, we use the prinipal basis (see setion 9) :
(hˆ1)∗ = 1√
20
(3α1 + 4α2 + 3α3)
(hˆ2)∗ = 12(α1 − α3)
(hˆ3)∗ = 1√
20
(α1 − 2α2 + α3)
(8.4)
and deompose ψ¯0|h on this basis to get generators ψ¯j0. We also have to pik a lift Ω˜ of ΩD4◦ΩD3
into Pin(r) (r being the rank g). We hoose :
Ω˜ =
1√
6
(
1−
√
5 ψ¯20ψ¯
3
0
)
.
One an hek that the adjoint ation of Ω˜ on the basis element ψ¯j0 reprodues the ation of
ΩD4 ◦ ΩD3. Now (minus) the elementary Weyl reetions are implemented into Pin(r) by the
adjoint ation of the following elements :
w = rα1 : (w˜)ψ¯ =
1√
2
(
1√
5
ψ¯10 − ψ¯20 + 2√5 ψ¯30
)
w = rα2 : (w˜)ψ¯ =
1√
10
(
ψ¯10 − 3ψ¯30
)
w = rα3 : (w˜)ψ¯ =
1√
2
(
1√
5
ψ¯10 + ψ¯
2
0 +
2√
5
ψ¯30
) .
These are just the expression of the unit vetors along the simple roots in the basis (8.4). To
apply the presription (7.6), we have to ompute
9 (w˜′)ψ¯Ω˜(w˜)
−1
ψ¯
for eah w in the list (8.2) and
for w′ = ΩD4w. We get :
w (w˜′)ψ¯Ω˜(w˜)
−1
ψ¯
id
1√
6
−
√
5
6 ψ¯
2
0ψ¯
3
0
rα3
√
2
3 − 1√30 ψ¯10ψ¯20 −
√
3
10 ψ¯
2
0ψ¯
3
0
rα1 ◦ rα2 ◦ rα3 1√6 +
√
5
6 ψ¯
2
0ψ¯
3
0
rα2 ◦ rα3
√
2
3 +
1√
30
ψ¯10ψ¯
2
0 +
√
3
10 ψ¯
2
0ψ¯
3
0
.
9
These omputations are most eiently performed with a program dealing with Cliord algebras. We used
the Mathematia pakage Cliord.m [65℄ that an be found at http://www.fata.unam.mx/aragon/software/.
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Summing these four terms gives
√
6 (as a Cliord element), whih shows that these boundary
states arry only D0-brane harge along |RR, 1〉.
Therefore in the ase of SU(4), the boundary states onstruted in [28℄ do not arry any
new harge ompared to maximally symmetri and twisted boundary states.
Twisted oset states from the embedding of the Cartan torus
In [27℄, the same authors presented another set of boundary states whih may arry all of the
possible K-theory harges. They used the twisted oset onstrution, using this time the Cartan
torus as subgroup, and reexions aross perpendiular hyperplanes in the Cartan subalgebra
as automorphisms. The spei orthonormal basis in the Cartan subalgebra of SU(4) hosen
in [27℄ is (h1, h2, h3), with :
(h1)∗ = 1√
2
α2
(h2)∗ =
√
2
3(α1 +
1
2α2)
(h3)∗ = 2√
3
ω3 =
1
2
√
3
(α1 + 2α2 + 3α3) ,
(8.5)
where ω3 is the third fundamental weight. Let us dene Ωˆ to be diag(±1,±1, 1) in this basis,
and the identity outside the Cartan subalgebra. Set Ω = Ωˆ ◦ (ΩC4)ǫ, where as above ΩC4 is
omplex onjugation on su(4) and ǫ = 0, 1. We want to ompute the harges arried by the
twisted oset states onstruted from Ω.
If Ωˆ = id, we reover the maximally symmetri boundary states or the twisted ones, de-
pending on the value of ǫ.
If we have a non-trivial Ωˆ with ǫ = 0, Ω preserves the Cartan subalgebra and the grading,
so we an solve the gluing onditions dening the boundary state in V−ρ. The omponent in
the ohomology is given by |RR, eΩ〉, where eΩ ∈
∧
h is the volume form on the eigenspae of
eigenvalue −1. We also have to look for pairs (w,w′) of elements of the Weyl group W suh
that w′ ◦Ω ◦w−1 preserves the Cartan subalgebra and the grading. But this is the ase for any
diagonal element (w,w), w ∈ W . The omponent |B−ρ〉 to be added to the boundary state in
kerP therefore reads :
|B−ρ〉 =
∑
w∈W
|RR,weΩ〉 .
If the negative eigenspae of Ω has dimension 1, |B−ρ〉 = 0, as we are averaging an element of
the Cartan subalgebra over the Weyl group. If it has dimension 2, eΩ = h
1 ∧ h2 and we see
that |RR, eΩ〉 + |RR, rα2eΩ〉 = 0, whih implies that the average over the whole Weyl group
also vanishes. So none of these states arry any harge. This aneling phenomenon similar to
the one we notied for parafermioni B-branes in SU(2).
If ǫ = 1 and Ωˆ is non-trivial, the analysis is a bit more deliate, beause ΩC4 does not
preserve the triangular deomposition of g. However, we have the relation ΩC4 = adgˆ′−1 ◦ΩD4,
where again ΩD4 is the automorphism generated from the Dynkin diagram of su(4), and gˆ
′
is
the group element (8.3). Therefore Ωˆ ◦ΩC4 = ΩC4 ◦ Ωˆ = adgˆ′−1 ◦ΩD4 ◦ Ωˆ. Now Ω′ := ΩD4 ◦ Ωˆ
obviously preserves the triangular deomposition of g, so we an solve the gluing onditions in
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(1, gˆ′)V−ρ, and this is equivalent to solving the gluing onditions for Ω′ in V−ρ. Let us now try
to nd the other solutions. If w′ ◦Ω′ ◦w−1 preserves the triangular deomposition, for w,w′ in
the Weyl group, then w′ ◦ΩD4 ◦w−1 also does, beause Ωˆ ats non trivially only on the Cartan
subalgebra. The ondition that positive root spaes be mapped into positive root spaes fores
w′ = ΩD4w. We should now solve the gluing onditions (ψ
j
0 + iΩ
′ψ¯j0)|B〉 = 0 in kerP , and
average with the ation of the (whole) Weyl group.
As this involves summing twenty-four Cliord elements, we will not write the omputation
expliitly here. The analysis is ompletely analogous to the one performed at the end of the
previous setion for the boundary states twisted by both outer automorphisms of SU(3) and
SU(4). The resulting harges all vanish.
This analysis rules out the onjeture of [27℄ as well. Interestingly, the problem of nding
boundary states aounting for all of the possible harges in SU(n), n > 3 is still open.
Let us however reall again that the formula used to perform the average in the ase of the
boundary states twisted by both the automorphism of SU(4) and of the subalgebra may be
dependent of the partiular hoie of lift into Pin of the Weyl group elements we average on.
9 Relation to homology
10
In this setion, we disuss how our onstrution an be interpreted in term of the familiar
(o)homologial lassiations of D-branes.
9.1 The Kostant onjeture
It is well known that the ohomology lasses of Lie groups are in bijetion with bi-invariant (that
is left and right invariant) forms. Suh a form ω is ompletely determined by its omponent
eω in (
∧
T ∗)1G ∼
∧
g∗, the ber at the identity element 1 ∈ G of the exterior algebra of
the otangent bundle. The requirement that the form is bi-invariant means that eω ∈
∧
g∗ is
invariant under the oadjoint ation of g on
∧
g∗. This provides an algebrai model for the
ohomology of Lie group :
H•(G,R) =
(∧
g∗
)g
,
where (...)g denotes the invariant part under the ation of g. Naturally, we also get a model for
homology :
H•(G,R) =
(∧
g
)g
,
where g ats now by the adjoint ation.
Reall also that the homology ring (
∧
g)g is generated by the subspae of primitive elements
P ⊂ ∧ g, so that (∧ g)g = ∧P . Their degrees are given by twie the exponents of the Lie
algebra plus one, and their preise denition an be found in [66℄, setion V.4. Integer valued
homology and ohomology an also be desribed by the orresponding Z valued rings generated
by suitably normalized primitive elements.
10
Thanks to Rudolf Rohr for his patiene when answering our numerous questions on the Kostant onjeture.
For some bakground on the algebrai models of Lie group ohomology, see for instane [66, 67℄.
50
These two rings have dimension 2r, where r is the rank of the Lie algebra. Reall that our test
states were lassied by
∧
h, whih is also 2r-dimensional. It turns out that there is a natural
map between these two rings, whih have reeived some attention in the Lie representation
literature in the ontext of the so-alled Kostant onjeture [68℄. Let us desribe this map.
There is a (anti)symmetrization map from the exterior algebra to the Cliord algebra :
s :
∧
g → Cl(g)
e1 ∧ e2 ∧ ... ∧ em 7→ 1m!
∑
σ∈Sm sgn(σ)e
σ(1) · eσ(2) · ... · eσ(m) ,
where Sm is the symmetri group of order m, sgn is the sign map and · is the Cliord produt. s
is an isomorphism of vetor spaes. It restrits to a (vetor spae) isomorphism of the invariant
parts :
s :
(∧
g
)g→ Cl(g)g .
The Harish-Chandra map hc sends Cl(g)g to Cl(h). Its preise denition an be found
in [68℄. Informally, it an be desribed as a normal ordering with respet to the triangular
deomposition of g, followed by an orthogonal projetion on Cl(h) ⊂ Cl(g).
Finally, there is a map c, the Chevalley map, whih identies Cl(h) and
∧
h as vetor spaes.
Denote ǫ(h), h ∈ h the endomorphism of ∧ h onsisting of left multipliation by the element
h : ǫ(h)(x) = h ∧ x. Denote by ι(h) the endomorphism of ∧ h onsisting of the ontration
of elements of
∧
h with h. Let γ(h) = ǫ(h) + ι(h). It an be shown that γ extends to a
homomorphism Cl(h) → End∧ h. Dene nally c(h) = γ(h)(1), for an arbitrary h ∈ Cl(h)
(that is, apply γ(h) ∈ End∧ h to 1 ∈ ∧ h).
A non trivial result is that the sequene of maps Φ = c ◦ hc ◦ s : (∧ g)g → ∧ h is an
isomorphism of algebras [68℄. Indeed this is not obvious, beause the maps c and s are only
isomorphisms of vetor spaes.
To state the Kostant onjeture, we need one more ingredient, the prinipal basis of the
Cartan subalgebra [69, 70℄. Consider the prinipal sl(2) subalgebra of g, that is, the sl(2)
subalgebra ontaining ρ∨ ∈ h and e+ = ∑α eα, where the sum runs over the simple roots of
g. eα is the generator of the orresponding root spae, and ρ∨ is half the sum of the positive
oroots. These two elements determine a unique e− suh that {e+, ρ∨, e−} generate a subalgebra
isomorphi to sl(2), the prinipal subalgebra. g deomposes into a diret sum of module for
the prinipal subalgebra, and restriting this deomposition to the Cartan subalgebra h, we
get an orthogonal deomposition of h. We therefore get a anonial orthogonal basis of h, the
prinipal basis. For instane, the adjoint module of the prinipal subalgebra always determines
a subspae Cρ∨, and ρ∨ an be taken as an element of the orthogonal basis.
The Kostant onjeture states that the image by Φ of the primitive elements {pi} are
monomials of degree one in
∧
h. Moreover, {Φ(pi)} form an orthonormal basis of h, whih
oinides with the prinipal basis indued from the prinipal deomposition of the Langlands
dual g∨ of g. (Reall that the roots of Langlands dual algebra oinide with the oroots of the
original Lie algebra.) We denote this basis by {hˆi}. This onjeture is atually a theorem for
all of the innite series A, B, C and D and for F2 [68℄. It remains a onjeture only for the
other exeptional Lie algebras.
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The isomorphism Φ gives us the possibility of interpreting the abstrat harges provided by
our proedure as homology harges. If a brane has been assigned a harge |B−ρ〉 ∈ kerP ∼
∧
h,
one an deompose it into a (exterior) polynomial in the elements {hˆi} of the prinipal basis
of the Langlands dual. Eah element of the prinipal basis orresponds to a primitive element,
whih itself orresponds to an elementary homology lass.
Let us note that the homology lass of degree 3, present in all ompat simple Lie groups,
always orresponds to hρ ∈ ∧ h under the Kostant onjeture. It is well known that D-branes
annot wrap the homology lass of the 3-sphere in Lie groups, beause there is a non-trivial
NS-NS ux through it. This ux makes it impossible to nd a globally dened potential for the
NS-NS 3-form on the brane worldvolume, what makes the Wess-Zumino term in the open string
WZW ation ill-dened. We onjeture that D-branes will ouple only to states in
∧
(h/Ceρ),
a property that we heked in the various examples. Moreover, we expet integer overlaps
between any D-brane state and the test states labeled by integer polynomials in the generators
of the prinipal basis (after a suitable normalization of these generators). This property was also
satised in the examples, but denitely needs to be tested further. As we already mentioned in
the remarks above, if we disard test states outside
∧
(h/Ceρ), we get a 2r−1 dimensional spae
of test states, and the possible harges of the branes live in :
(Z/MZ)(2
r−1) .
This harge group preisely oinides with the twisted K-theory of the Lie group.
9.2 Bak to the examples
Let us now return to our examples and ompare the algebrai harges we omputed in setion
8 with homology. We are here impliitly taking a limit where the level k of the sWZW model
is sent to innity, so that we an see the D-branes as submanifolds of the Lie group G and
ompute their homology harges. While this geometrial piture breaks down for nite k, the
algebrai approah developed above for the omputation of the harges is well-dened for any
k.
As they ouple to |RR, 1〉 only, we immediately see that maximally symmetri D-brane
never arry any homology harge. This phenomenon is well-known [32,71℄ : they are stabilized
by a U(1) ux on their worldvolume.
The homology of SU(2) ontains only the lass h3 orresponding to the 3-sphere forming
the group manifold SU(2). The parafermioni B-branes of SU(2) an be seen as thikened
D1-strings [46℄, so they are not expeted to arry any harge, as has been onrmed by our
omputation.
The homology of SU(3) is given by
∧
P , where P is generated by primitive elements p1
of degree 3 and p2 of degree 5 whih orrespond respetively to the homology lass of the 3-
sphere and of the 5-sphere (homologially, SU(3) ∼ S3 × S5). SU(3) (as well as SU(n)) is its
own Langlands dual. Under the prinipal deomposition, the adjoint representation of su(3)
deomposes into (2) ⊕ (4). We use here Dynkin index notation for the representation of the
prinipal sl(2). The intersetion of (2) with h gives hρ = hα1+α2 , whih is the image under Φ of
p1, and the intersetion of (4) with h gives h
α1−α2
, whih is the image under Φ of p2. We saw
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that the twisted branes ouple to the Ramond-Ramond test state assoiated with hα1−α2 , so we
expet them to arry a non-trivial homology harge with respet to the lass of the 5-sphere.
This was shown from geometri onsiderations in [22℄, indeed.
The homology of SU(4) is given by
∧
P , where P is generated by primitive elements of
degree 3, 5 and 7. They orrespond respetively to the homology lass of the 3-sphere, of the 5-
sphere and of the 7-sphere sitting in SU(4). The data oming from the prinipal deomposition
of the Cartan subalgebra is summarized in the table below :
sl(2)-module Basis element in h Homology lass Ω-parity
(2) h3α1+4α2+3α3 3-sphere +
(4) hα1−α3 5-sphere −
(6) hα1−2α2+α3 7-sphere +
.
The rst olumn lists the Dynkin indies of the sl(2)-modules appearing in the deomposition
of the adjoint representation of su(4) under the ation of the prinipal subalgebra. The seond
olumn shows the basis element determined by the module. The third olumn desribes the
orresponding homology lass, and the last olumn shows the parity of this lass under the
ation of the outer automorphism of SU(4).
Reall that we found that the D-branes twisted by the automorphism of SU(4) arried a
harge along hα1−α3 , so they wrap around the 5-sphere in SU(4). One an also hek this geo-
metrially. For instane, the D-brane passing through the identity element wraps the onjugay
lass CΩ = {gΩD4(g−1)|g ∈ SU(4)}. This means that the tangent spae to the D-brane is the
negative eigenspae of ΩD4, whih is ve-dimensional. Moreover, if ΩD4x = −x and g = expx,
then ΩD4g
−1 = g. So we even have CΩ = {expx|x ∈ su(4),ΩD4x = −x}. One an therefore
write expliitly the onjugay lass as :

z1 z2 z3 0
−z¯2 z¯1 0 z3
−z¯3 0 z¯1 −z2
0 −z¯3 z¯2 z1

 ,
with |z1|2 + |z2|2 + |z3|2 = 1, so it is topologially a 5-sphere. It remains to hek that it
arries a non-trivial homology harge. This an be done
11
using the fat that CΩ denes a map
SU(4)
f→ S5 i→֒ SU(4), where i is the inlusion. i◦f is given by the (Lie group) produt of two
maps : i ◦ f = id · (ΩD4 ◦ inv), where · is the produt on the group and inv the inversion map.
To hek that the homology is non-trivial is equivalent to heking that the ohomology lass
[i∗φ5] of the pull-bak of the bi-ivariant 5-form φ5 of SU(4) onto S5 is a non-zero multiple of the
lass [ω] of the volume form ω on S5. There is no simple way of verifying this diretly, but we
an hek that [(i ◦ f)∗φ5] is non-trivial, whih implies that [i∗φ5] is non-trivial either. To this
end, we just use that [(f1 · f2)∗φ5] = [f∗1φ5] + [f∗2φ5]. φ5 is multiplied by −1 under inversion,
as any odd form, but there is another −1 fator from the outer automorphism. Therefore
[(i ◦ f)∗φ5] = 2[φ5], and CΩ is non-trivial in homology indeed.
11
Thanks to Pavol Severa for some help on this point.
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Conerning the states onstruted with the twisted oset onstrution from the subgroup
SU(3) ⊂ SU(4), geometry also leads us to expet them to arry a homology harge along S5.
If we onsider again the twisted D-brane passing through the identity element of the group,
we know from [22℄ that it is a 5-dimensional submanifold wrapping the homology lass of S5
in SU(3). The image of this homology lass under the push-forward indued by the inlusion
SU(3) ⊂ SU(4) is the homology lass of S5 of SU(4), so we expet the boundary states twisted
with respet to SU(3) to wrap S5, like the states twisted by the automorphism of SU(4).
This shows that already from purely geometrial onsiderations, one an guess that the
D-branes twisted by the automorphisms of SU(4) and SU(3) arry the same type of harge, as
was showed by our algebrai analysis.
We therefore nd a omplete agreement between the geometrial and CFT pitures of the
D-brane harges.
10 Disussion and onlusion
Despite its suesses, our onstrution does have some shortomings. We saw that we annot
ompare the harges of boundary states belonging to two distint Kondo families arrying
harges in the same fator Z/MZ. In partiular, we know that in SU(4), the boundary states
twisted by the automorphisms of SU(4) and SU(3) arry a harge along |RR,hα1−α3〉, but we
annot ompare the magnitude of the harges between boundary states of the two families. As
we mentioned earlier, our proedure may not be appliable for some boundary states whih
break too many of the bulk symmetries, and the averaging proedure is not always ompletely
well-dened, what onstitutes a seond shortoming. Let us also emphasize that we restrited
our disussion to simply onneted Lie groups when we hose the harge onjugation modular
invariant for the bosoni part of the sWZW model. The extension of these results to non simply
onneted Lie groups seems to be non trivial.
We believe that this onstrution should have a oneptual mathematial interpretation
that we have been unable to nd up to now. A proper mathematial formulation may overome
the two shortomings desribed above. It ould also help to establish a lear link between our
algebrai harges and the twisted K-theory of the Lie group, beyond the mere observation of
their isomorphism.
An interesting problem would be to identify more boundary RG ows that do not fall into
the family of generalized Kondo ows, and hek whether the harges we obtained are really
invariant. We saw that this is true for the ows desribed in [63℄. Interestingly, our results
indiate that the problem of onstruting boundary states arrying harges from eah of the
fators of (1.1) is still open beyond SU(3). We will not make here a onjeture about the form
suh boundary states may take, but in priniple one should be able to test future proposals
using our proedure. Let us nally mention that this onstrution an ertainly be extended to
generi N = 1 supersymmetri oset models, with many potential appliations in the study of
boundary renormalization group ows in physially pertinent models. We will return to these
issues in a future work.
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